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A mathematical framework that permits the factorization of a joint probability distribution into its localized
components for a two-dimensional array of pixels is presented. The factorization was used to estimate the
contribution to mutual information of two- (I,) and three-pixel (I3) luminance correlations for a large en-
semble of natural images analyzed at various spatial scales and pixel depths 4. It is shown that both I, and
I saturate at b ~ 6 bits per pixel. Three-pixel correlations are shown to produce only a marginal increase of
information redundancy (4%) over two-pixel correlations (50%). Implications for neural representation in vi-
sual cortex are discussed. © 2003 Optical Society of America
OCIS codes: 330.4270, 200.3050, 110.2960, 070.6020.

1. INTRODUCTION

Of all human senses vision is the most valuable for con-
structing our representation of the physical world. A vi-
sual signal that conveys information from the environ-
ment is so rich that even its two-dimensional gray-scale
projection on the eye’s retina makes a vivid and coherent
impression. Through this projection the cohesive struc-
ture and mutual relations of physical objects are repre-
sented as complex and multifunctional dependencies
among local luminance values detected by the retina’s
photoreceptors. The gargantuan task of decoding these
luminance correlations is carried out by largely unknown
algorithms in the visual cortex.

Therefore it is not surprising that studies of the lumi-
nance correlations in natural images and their effect on
neural representation in the visual cortex are of great in-
terest and importance. Statistical analysis of natural
images was pioneered shortly after development of infor-
mation theory by Shannon.! First studies were inspired
by television industry applications in which one-pixel
probability distribution and two-pixel correlation
functions,? as well as two- and three-pixel probability
distributions,? were obtained for television frames. The
results were used to estimate the information content of
the images. Along with early psychophysical studies of
gray-level predictability,*® the estimates showed that
natural images are highly redundant, mainly because of
intensity correlations among adjacent pixels. Shortly
thereafter, it was suggested that the role of early visual
processing in the brain is to remove these natural redun-
dancies by recoding the incoming signal into a more effi-
cient form®’ such that the recoded signal utilizes the
least information transmission capacity, measured in bits
per second, while preserving the input information. This
hypothesized efficient coding process has three main
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benefits®: reduction of the information bottleneck be-
tween the retina and the visual cortex, associative
learning,® and pattern recognition'®!! facilitation.

The task of finding the optimal encoding strategy can
be separated into two independent parts: reduction of in-
formation redundancy in a single-neuron response (intra-
neuron redundancy), and separation of correlated re-
sponses of nearby neurons (interneuron redundancy) into
statistically independent responses. The intraneuron re-
dundancy can be easily removed by adjusting the gain
control (input—output) function of the neuron to the
single-pixel statistics of the natural environment.'? In-
terneuronal redundancies, especially the second-order
correlations between pixels, can be minimized by the op-
timal design of the neuron’s receptive field. Atick and
colleagues®13~1% have demonstrated that receptive fields
of retinal ganglion cells can be successfully explained as
local whitening filters that remove the second-order (two-
pixel) correlations between pixels.

However, the decorrelation condition does not define
the optimal receptive field uniquely, but rather allows a
broad class of solutions related by orthogonal
transformations.'®”  The localized, center—surround
retinal receptive fields; bandpass, multiscale, and ori-
ented receptive fields of V1 neurons; and even global Fou-
rier filters are all possible solutions for removal of second-
order correlations. Therefore further constraints are
required to reproduce specifics of neuronal responses in
the retina and visual cortex. A particular set of con-
straints related to object constancy was explored by Li
and Atick.'® They showed that constraint of the neu-
ronal representation to be self-similar under the transla-
tion and scaling of input results in a variety of receptive
field types similar to those found in V1.

An alternative way to overcome the second-order
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decorrelation ambiguity is to search for solutions which
also minimize higher-order correlations. This approach
gained momentum after the realization that statistics of
the natural world are largely non-Gaussian, i.e., they in-
clude significant contribution from higher-than-second-
order correlations.'®2° Because natural probability dis-
tributions are non-Gaussian (have high kurtosis) it is
possible to find optimal (maximally independent) recep-
tive fields by maximizing the non-Gaussianisity of the
neuronal output. This technique, known as independent
component analysis,?'?* and related algorithms!'"?%2
were applied to ensembles of natural images to calculate
the optimal neuronal representation. The resulting inde-
pendent components reproduce well such features of V1
receptive fields as orientation selectivity, bandpass, and
scaling properties.

Considering the success of these approaches, one is
tempted to deduce that cortical receptive fields are ex-
plained by the minimization of higher-order correlations
carried out in V1. However, to make this claim one must
demonstrate that the removal of higher-order dependen-
cies results in a substantial increase in the efficient cod-
ing benefits listed in the beginning of this section. Basi-
cally, all the benefits are based on the reduction in
information redundancy which, besides alleviating the
bottleneck problem, decreases the number of possible as-
sociations as well as the amount of “vocabulary” neces-
sary for pattern recognition. In other words, it is neces-
sary to check that the redundancy due to the third- and
higher-order correlations in natural images is rather
large when measured in terms of coding bits, which is
what matters for data compression and coding efficiency.
This was one of the motivations for the present study.

Previous work on higher-order correlations in natural
images was mainly focused on quantities (such as kurto-
sis) that describe the degree to which higher-order mo-
ments in single-pixel intensity distribution differ from
those of Gaussian distribution with the equivalent
second-order statistics.?’ Recent studies also provide
some information about the structure of the fourth-2728
and higher-order?® moments defined for more than one
pixel. Kurtosis however is not an appropriate measure of
information content. To illustrate this point, consider a
probability distribution P(x) ~ exp[—(|x[/o)"] in which
the value of the parameter m defines the degree of
peakedness of P(x), while the value of o for each m is cho-
sen in such a way that all P(x) of different m’s have the
same second-order statistics, or variance, which is set to
one. The entropy of P(x) given by H
= log 2I(1/m)**[mT (8/m)¥?] + 1/m (I is the gamma
function) is shown in Fig. 1 as a function of the distribu-
tion kurtosis « = ['(1/m)['(5/m)/T'(38/m)? — 3. The
value of parameter m was varied from 0.6 to 10 in this
plot. Note that the change in m causes a dramatic
change in the shape of P(x), which is shown in insets to
Fig. 1. It also greatly changes the distribution kurtosis:
from —1.1 for m = 10 to 12.6 for m = 0.6. The entropy,
on the other hand, is almost insensitive to the shape
changes. This example shows that kurtosis is more a
measure of the distribution’s shape than its information
content.

Nevertheless there has been no exhaustive study ex-
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Fig. 1. Entropy as a function of kurtosis for distribution P(x)
~ exp[—(jx[/o)™] (see insets) of the same variance or second-
order statistics (by adjusting o with m). Arrows link points on
H (k) to corresponding P(x)’s.

ploring the higher-order redundancy in terms of informa-
tion coding. An earlier study has measured three-pixel
redundancy in terms of coding bits, and suggested that it
gives a small contribution to the overall redundancy.?
However, this study ignored the two-dimensional nature
of the images and accounted only for the redundancy aris-
ing from three neighboring pixels aligned horizontally.
Furthermore, it performed the measurement for an en-
semble of only a few small television frames at one level of
image intensity quantization (64 shades of gray). It will
be shown in Section 5 that information redundancy de-
pends strongly on the gray-level quantization, or equiva-
lently on the number of intensity bits per pixel (pixel
depth). Therefore statistical analysis of a wide range of
pixel depths is required.

In Section 2 a mathematical framework accounting for
a full set of interpixel redundancies in a two-dimensional
array of pixels is presented. The sampling of two- and
three-pixel probability distributions based on a large en-
semble of natural images is described in Section 3.
These probability distributions were used to calculate
two-pixel (I,) and three-pixel (I3) contributions to mutual
information along with corresponding redundancies for
three spatial scales and twelve pixel depths. The results
and their implications are discussed in Sections 4 and 5.

2. MATHEMATICAL FRAMEWORK

In order to study redundancy that is the result of local
correlations one needs to represent the global probability
distribution in terms of its local components. First con-
sider a one-dimensional array of enumerated pixels
{1, 2, 3,...}. Denoting the intensity probability distribu-
tion for the ith pixel P(i), one has for the whole array

P(1,2,3,...)

= P(1)P(2|1)P(3|2, 1)P(43,2,1) ... = P(1)
[ P(2|1)H P(32)P(3|2,1)}
X | P(2) P
P(2) P(3) P(3]2)

(1

[ P(4]3) P(4]3,2) P(4]3, 2, 1)}
P(4) P(4]3) P(4]3,2)
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Then for an infinite boundless array {...,1, 2, 3, ...}, ex-
pression (1) becomes

P(...,1,23,..,i,...)=II PGli - 1,i —2,...),

[=—®

(2)
where
P(ili —1,i — 2,...)
P(ili — 1)
=P0)——F
P(i)
P(ili — 1,i — 2) PGli — 1,i — 2,i — 3)
3)

PGli — 1) PGli — 1,i — 2)

corresponds to the ith pixel probability distribution con-
ditioned on the intensity of all the previous pixels.
Clearly, Eq. (2) holds for an arbitrary pixel enumeration.
Since for natural images, intensity correlations fall
quickly with pixel-to-pixel separations, the consecutive
enumeration makes the above factorization the most lo-
calized in the sense that the multipixel fractions in Eq. (3)
quickly converge to unity. For the consecutive enumera-
tion, the nth fraction in each product characterizes the
conditioning that two pixels separated by n — 1 pixels
impose on each other in addition to the effect of the n
— 1 intermediate pixels. As such the nth fraction rep-
resents a contribution from n-point correlations in addi-
tion to lower-order correlations.

By taking the negative mean of the logarithm of ex-
pression (2) one obtains the total entropy of the system

H = —Elog[P(...,1,2,3,....,i,...)]

©

_::S :Elogz

i=—»

P(i)

PGli — 1) P(ili — 1,i — 2) }
P(i) P(li — 1)

P(li - 1)}
P(i)

e

where E denotes the expectation value (mean) over the in-
tensity values for all pixels in a given term. Assuming
that probability distributions do not depend on i (i.e., the
image ensemble is stationary), Eq. (4) becomes

lI = A“I{l_'l2‘_ 13_'14'_ “.], (5)

where N stands for the total number of pixels in the array
and

-2 [Elogz[P(i)] + Elog,
P(ili — 1,i — 2)

+ El
%2 T pili - 1)

H, = —Elogy[P(1)],

PGili - 1)
12 = E10g2 T},

PGili — 1,1 — 2)
I; = Elog, —P(i|i _— },

(6)
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Thus the total entropy of an image ensemble can be de-
composed into single-pixel entropy (NH;) minus two-
point (NI,), three-point (NI3), etc., contributions to the
total redundancy. What is notable, the nth mutual infor-
mation contribution accounts only for additional mutual
information that is not present in the n — 1 and lower-
order terms. Therefore by defining information redun-
dancy that is a result of interpixel correlations as 1
— H/(HN) = I,/H; + I3/H; + ..., one can access the
redundancy in an orderly manner.

Before extending the above analysis to two-
dimensional pixel arrays, it is necessary to make the fol-
lowing observations. First all fractions in expression (2)
are invariant to swapping the end pixels, i.e.,

P(alb,c,d) P(a,b,c, d)P(b,c)
P(alb, ¢)  P(a, b, c)P(b, ¢, d)
= P(d|b, cla). (7

P(albd, c|d)

Second, swapping the end pixel with one of the interme-
diate pixels can be carried out using the relationship

P(alc|d)

P(alb, c|d) = P(b|a, CW)m,

€))

where a and b pixels were swapped. This formula ex-
tends to any number of the intermediate pixels in a trivial
way. Now we proceed to the analysis of two-dimensional
images.

All the formulas above are applicable once the array of
pixels is enumerated. However there is an important dif-
ference between enumeration in one dimension and enu-
meration in two dimensions. In a two-dimensional array
some neighboring pixels are assigned numbers which are
very far apart no matter how the enumeration is carried
out. For example if one enumerates pixels within rows
first, then pixels next to each other within a column will
have numbers separated by the number of pixels in a row.
Therefore factorization (2) will no longer be well localized
and some refactorization is necessary. The goal of this
section is to describe such refactorization for three-pixel
factors.

Since the strongest three-pixel correlations are be-
tween the closest neighbors, we limit the correlation
neighborhood of a pixel by two interpixel distances, as
shown in Fig. 2(a) by dashed curves. In terms of decom-
position (2) this means that all nodes which are more
than two pixels away from either of the end pixels can be
omitted. In Fig. 2(a) these nodes are shown by open
circles. Consider the enumeration order shown. Using
expression (3) for a given pixel i = 7 marked by the con-
centric circles

P(7]6,5,...)
= P(7)P(7|6)P(7/6|5)P(7|6,5|4)P(7|6, 5, 4|3)
X P(1716,5, 4, 3|2)P(7]6, 5, 4, 3, 2|1)
= P(7)P(7]6)P(7|6|5)P(7|6,5|4)P(7]6, 4|3)

X P(7/4,3|2)P(7]4, 3, 2|1), 9)
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Fig. 2. (a) Joint probability factorization for a square grid.
Dashed curves indicate the maximum correlation radius used for
three-pixel factors. Open circles mark nodes in the factorization
beyond the correlation radius. The set of diagrams illustrates
factors in Eq. (9) (shown in reversed order here); gray lines con-
nect the end pixels for each factor. (b) Correlation factors B and
C [see Fig. 2(a)] transformed using Egs. (7) and (8) to the effect of
factoring out two- and three-pixel correlations. The second line
in C shows transformation of the last factor from the previous
line. (c) One-, two-, and three-pixel correlation factors resulting
from the local probability factorization.

where nodes outside the two-pixel correlation radius were
omitted in the second equality. As defined by Eq. (7),
P(7|/6) notation stands for the P(7|6)/P(7) factor. This
factorization can be conveniently represented by a set of
diagrams, each representing a factor in Eq. (9), as shown
in Fig. 2(a). Gray lines indicate conditioning between
end pixels described by the corresponding factor. In this
graphical representation the need for partial refactoriza-
tion becomes clear. In particular, diagram C in Fig. 2(a)
represents the P(7]6,4|3) factor in Eq. (9), which de-
scribes mutual conditioning between pixels 3 and 7 given
certain values for pixels 4 and 6. Since this conditioning
clearly has a major direct P(7||3) contribution, the P(7||3)
correlation term must be factored out of the remaining
multipixel correlations. In this way Eq. (9) can be local-
ized by minimizing the contribution from multipixel cor-
relation factors. The required minimization is achieved
by applying relations (7) and (8) to each diagram to maxi-
mize the two- and three-pixel correlation terms, which
are factored out in the process. Figure 2(b) represents
this refactorization process. In essence, the distance be-
tween the end pixels is maximized for all resulting fac-
tors.

Refactorization is not necessary for the first diagram
and the last three diagrams in Fig. 2(a). For the remain-
ing diagrams (B, C, and D) the transformation steps are
given by the formulas below and are illustrated in Fig.
2(b). For diagram B [Fig. 2(b)] and D, respectively,

. . P(7/3]2)
(7/4, 3|2) = P(4]7, 3|2)m, (10)
P(7|6|4)
P(7|6,5|4) = P(7|6, 4|5) (11)

P(7]6]5)"
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For diagram C two steps are required to minimize mul-
tipixel contributions for all resulting factors [Fig. 2(b)].
These are

P(7/6|3)
P(17]6,4|3) = P(7]8, 3|4)W,
P(7(6]3) = P(6|7|3)P(7”3) 12)
P(6]3)"

Collecting one-, two-, and three-pixel factors from Egs.
(9), (10), (11), and (12), one obtains

P(7]16)P(7]3) P(7|3[2)P(6]7[3)

P(716,5,...) = P(7) P(6]3) P(4]3]2)

>

13)

as is illustrated in Fig. 2(c). After taking the negative
mean of the logarithm of relation (13) one obtains for the
I, and I; terms

I, = E{logy[P(7]6)] + logs[P(7[3)] — log,[P(6]|3)1},
(14)
I3 = E{logy[P(7[3]2) + logy(P(6]7]3)]

— logy[P(4]3]2)]}. (15)

Note that the resulting information decomposition is
not unique. Specifically the orientation of the diagonal
in the diagonal and corner factors in Fig. 2(c), as well as
the orientation (vertical or horizontal) of the three-pixel
row factor depends on the enumeration chosen in Fig.
2(a). Analysis of a large ensemble of images described in
Sections 3 and 4 shows that the choice of orientation in
the diagonal and corner factors is immaterial since the
ensemble information is symmetric relative to the left <
right reflection. Choice of the three-pixel row configura-
tion orientation makes a slight difference since the verti-
cal orientation contributes slightly more mutual informa-
tion. Since the sign of the row term is negative in
relation (15), to maximize I3 we chose the horizontal ori-
entation as shown in Fig. 2(c).

3. PROBABILITY DISTRIBUTION
SAMPLING

An ensemble of 4212 linearized gray-scale images of
1024 X 1536 taken from the van Hateren and van der
Schaaf database?® was used to sample the pixel-intensity
probability distribution at three spatial scales (1X, 2X,
and 3X). The larger-spatial-scale images were obtained
by block averaging the originals over 2 X 2 and 3 X 3
pixel blocks. Examples of the images can be viewed at
http:/hlab.phys.rug.nl/archive.html. First, three-pixel-
intensity joint probability distributions were accumu-
lated, then two-pixel and single-pixel distributions were
obtained by consecutively summing the three-pixel matri-
ces over one of the dimensions. Images were used as pro-
vided in the database, i.e., at an optimal exposure setting
for each picture without taking the corresponding inten-
sity normalization factor into consideration. In other
words, statistics of natural images were collected as pro-
jected on the retina with a camera aperture functioning
as a pupil adjusting to the overall luminance level, rather
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than in the outside world per se. Also no log-transform
mimicking the first stages of visual processing was ap-
plied to the raw pixel intensities. It will be shown in Sec-
tion 5 that any point transformation such as the intensity
log-transform does not change mutual information nor,
consequently, the bulk of our results. In order to study
pixel depth dependence, lower-bit distributions were ob-
tained from the distributions originally sampled at 9 bits
per pixel (12 bits per pixel for one- and two-pixel distribu-
tions) by consecutive block summing over neighboring
probability matrix elements, reducing each matrix dimen-
sion twofold at every step [see Eqgs. (22) and (24)].

Besides the original database pixel depth (~13 bits per
pixel), sampling noise due to the limited number of im-
ages in the ensemble influences statistical analysis.
Given about 6.6 X 10? pixels in the ensemble one obtains
an average of 50 counts per element of a 512 X 512
X 512 (9 bits per pixel) three-pixel joint probability ma-
trix. In addition the probability distribution is highly
peaked along its main diagonal, and more than half of the
probability matrix elements are equal to zero. This
makes three-pixel probability matrices at large pixel
depths rather noisy.

It is straightforward to show that sampling noise
causes an underestimation of distribution entropy and an
overestimation of mutual information. Let N be the
number of counts accumulated for a given pixel intensity
i, and let it be Poisson distributed with the true mean N; .
Since P! = N™/N, where N is the total number of
sampled pixels, then P can be written as P; + v,
where P; = N;/N is the true value of the probability and
the noise term » has the mean Ev = 0 and the dispersion

= N,;/N?. The effect of noise on the distribution en-
tropy is then given by
Hnoisy - H
n n
= D Plogy P, — X, (P; + v)logy(P; + v;)
i=1 i=1
= = wplogoP; — > Pl 1+ —|logy| 1+ —|.
i-1 i-1 P, i
(16)

We divide the second summation in (16) into two parts.
The first part consists of m terms for which |v;/P;| < 1, so
that the logarithm in (16) can be expanded in a power se-
ries as
m
Vi
> P+ —
i1 p

i

Vi

P.

12

10g2 1+

0

i ( Pl>2_—1<—;)k. amn

log2 =1 i k=1 k i

The second part consists of n — m terms for which v;/P;
> 1:

n

> (P + vlog,

i=m+1

v;
1+ —
P

i

=R>0 (18)
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These terms correspond to pixel intensities for which
noise v; is larger than P;. The probability of this hap-
pening for the Poisson-distributed N™'¥ decreases with
the number of accumulated counts (it is 8% for N; = 1
5% for N; = 2, 3% for N; = 3, etc.).

Because (1 + x)log(1 + x) > x + x%/2 — x%/6, we want
to keep the first three terms in Eq. (17). Then

n

, 1 X
H™S — H < _Z VilogzPi - _E 12
= log2i=3
1 2 (v o1
- Dl=--=]. a9
210g2i:1 Pi 3 Pi

The third moment of v; is E(N™ — N,)3/N? = N,/N?;
therefore, after taking the expectation value of relation

(19),
1 i 1
> (1 - —) (20)

EH™ <H - ———
N2 10g2 i=1 3NL

which proves that sampling noise reduces the entropy.
For the two-pixel mutual information 12,

Inmsy _ 11,2 = (Hrlloisy _ Hl)
+ (H3™ — Hy) — (H13Y — Hyp).

The power series in Eq. (17) is well approximated by the
first three terms. Omitting fourth- and higher-order
noise terms,

il 2 [

EInOlSy _ 11,2

N210g2 i,j 3NU
1
S (i o]
+ Riy— Ry - Ry. (21)

It is easy to show that this expression is positive. The
first summation involves double summation, which
makes it ~ n?, while the second summation is only ~ n.
Also, because N = X" ;N;;, there are n undersampled
elements in P;; for one such element in P;. Therefore,
R,2> R, + R2 because the input to R terms is mainly
through the strongly undersampled elements. Thus the
overall effect of sampling noise is to cause a fast (qua-
dratic) growth of mutual information as a function of n, or
equivalently, an exponential growth as a function of pixel
depth b (since n = 22). In simple terms, the sampling
noise increases mutual information because P;; is more
undersampled than P;, and the resulting decrease of H 5
is larger than that for H; and H,.

4. RESULTS

The joint probability distributions obtained were trans-
formed into local correlation factors P(i| j|k) as defined by
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relation (7) and then into local information distributions
P(i, j, k)logy, P(i|jlk). The resulting matrices are shown
in Fig. 3.

Altogether, four two-pixel factors P(i, j)log, P(i|k) (cor-
responding to vertical, horizontal and diagonal pixel pair
geometries) were calculated [Fig. 3(a)l. Positive and
negative matrix elements shown by shades of white and
black indicate, respectively, where the two-pixel joint
probability is higher or lower than the probability if the
two pixels were uncorrelated. Six three-pixel factors
P(i, j, k)log, P(i|jlk)—vertical row, horizontal row and
four corner patterns (‘[” ‘] ‘|’ ‘])—were also calculated.
The three-dimensional matrices corresponding to the ver-
tical row [Fig. 3(b)] and one corner configuration [Fig.
3(c)] are shown by means of their four planar cross sec-
tions. The underlying three-pixel correlations are best il-
lustrated by the last cross section in Fig. 3(b) and Fig.
3(c), where the intensity value of pixel 2 is fixed at 1/4 of
the intensity range. Nonzero matrix elements show
where the joint distribution for pixels 1 and 3 deviates
from the uncorrelated distribution.

It is instructive to compare images in the last column of
Fig. 3. The localized bright area along the main diagonal
in the two-pixel information distribution matrix (the top
image) indicates that the intensity of pixels 1 and 3 is
positively correlated. The three-pixel matrices, on the
other hand, indicate that pixels 1 and 3 are not only cor-
related through pixel 2 but are directly correlated with
each other. The dark cross structure with a bright dot in
the center indicates that if the intensity value of either
pixel 1 or pixel 3 is equal to that of pixel 2, the probability
distribution for the remaining pixel is sharply peaked
around the same value. Otherwise, corner and row con-
figuration distributions differ markedly in location of the
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rest of the positive correlations. For the corner configu-
ration they are distributed along the main diagonal with
very weak lobes extending along the other matrix diago-
nal. This indicates that the intensity of pixels 1 and 3
tends to be either brighter or darker than that of pixel 2.
For the row configuration, on the other hand, the positive
lobes are strongest along the orthogonal diagonal.
Therefore if pixel 1 is brighter than 2, then 3 is darker,
and vice versa, if 1 is darker, then 3 is brighter. In other
words luminance changes gradually from 1 to 2 to 3. The
corner configuration correlations can be understood in the
same way: as an oblique luminance gradient from pixels
1 and 3 to pixel 2. Thus three-pixel dependencies encode
the probability distribution for the local luminance gradi-
ent. A weaker positive lobe along the main diagonal of
the row matrix describes the probability distribution for
relatively few luminance extrema in the image ensemble.

By summing over elements of the matrices one calcu-
lates the contribution to I, and I3 from the different pixel
configurations as given by relations (14) and (15). The
results for 1X scale are given in Table 1. The terms ob-
tained are added to the overall I, and I3 mutual informa-
tion contributions. The resulting H;, I, and I3 for
three spatial scales are given in Table 2 and illustrated in
Fig. 4 as a function of pixel depth b. Statistical errors
due to sampling noise were estimated by adding the Pois-
son noise to matrix elements and calculating the resulting
standard deviation for each information term. Because
in all cases the errors were less than 0.001 bits, they are
not indicated in Fig. 4.

The pixel depth dependence is such that while the
single-pixel entropy grows proportionally to the pixel
depth, both I, and I3 terms appear to saturate around 2.5
and 0.2 bits, respectively. Horizontal row statistics for

Fig. 3. Information distribution matrices for b = 7.

matrices with corresponding pixel geometry shown in the insets.

three-pixel matrices, visualized by means of four planar cross sections.

cross section; thick line marks the main diagonal.

Lower left and upper right corners in each matrix correspond to (0, 0) and
(127, 127) pixel pair intensity, respectively, while positive and negative elements are shown by light and dark shades.

(a) Two-pixel
(b) Vertical row three-pixel matrix and (c) one of the four corner,
Corresponding three-dimensional cuts are shown below each
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Table 1. Individual Contributions from Two-Pixel and Three-Pixel Configurations to Mutual Information
at Scale 1x and 12 Pixel Depths

Noise 1 2 3 4 5 6 7 8 9 10 11 12
hor. pair 0.19 0.48 0.94 1.45 1.83 2.07 2.21 2.27 2.29 2.30 2.30 2.31
vert. pair 0.19 0.47 0.93 1.41 1.77 2.00 2.12 2.18 2.20 2.21 2.22 2.22
diagonal 0.18 0.44 0.85 1.29 1.63 1.83 1.94 1.99 2.01 2.02 2.02 2.03
hor. row 0.005 0.015 0.034 0.060 0.087 0.113 0.131 0.142 0.154 — — —
vert. row 0.005 0.017 0.039 0.067 0.095 0.119 0.135 0.148 0.162 — — —
‘[’ corner 0.009 0.029 0.065 0.101 0.130 0.151 0.163 0.173 0.186 — — —
‘|’ corner 0.008 0.028 0.063 0.100 0.129 0.148 0.160 0.170 0.183 — — —
Table 2. One-, Two-, and Three-Pixel Contributions to Information Content of Natural Images
for 3 Spatial Scales and 12 Pixel Depths®
Nyise 1 2 3 4 5 6 7 8 9 10 11 12
H, 0.24 0.70 1.51 2.48 3.45 4.43 5.42 6.41 7.41 8.41 941 10.41
0.23 0.69 151 2.48 3.45 4.43 5.41 6.41 7.41 8.40 9.40 10.40
0.22 0.68 1.50 2.47 3.44 4.42 5.40 6.40 7.40 8.40 9.40 10.40
I, 0.20 0.51 1.02 1.56 1.98 2.24 2.39 2.46 2.48 2.49 2.50 2.50
0.19 0.49 0.98 1.51 1.93 2.21 2.37 2.46 2.49 2.51 251 2.52
0.18 0.47 0.94 1.46 1.86 2.12 2.27 2.35 2.39 2.40 241 2.42
I, 0.013 0.044 0.095 0.144 0.173 0.188 0.195 0.203 0.217 — — —
0.011 0.039 0.085 0.124 0.144 0.153 0.156 0.160 0.182 — — —
0.011 0.037 0.082 0.121 0.142 0.152 0.157 0.167 0.202 — — —

“Results for scales 1X, 2X, and 3X are given in first, second, and third row for each group.

10— -
(@) = scale 1x Y. sl
B
0 3 = scale 2x el 1= {1 e
] scale 3x R = 2
.~ 5| I e —es =
I = = === =28
1

1
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o

0
0 2 10 12

6 8
Pixel depth, bits

Fig. 4. Local information as a function of pixel depth and spatial scale. Small, medium, and large squares represent scales 1X, 2X, and
3X, respectively. (a) Single-pixel entropy. (b) Two-pixel mutual information as given by relation (14). (c) Three-pixel contribution to
mutual information as given by relation (15). Redundancy factors are shown as insets: (a) intrapixel redundancy factor; (b), (c) two-
and three-pixel contributions, respectively, to the interpixel correlation redundancy factor.

b = 6 bits per pixel were previously computed from three
horizontally adjacent pixels in a television raster scan by
Schreiber.? The resulting I, value averaged between two
images was 2.4 bits, which is slightly higher than our
value (~2.07 bits for b = 6). The three-pixel informa-
tion I3 that can be calculated from the three- and two-
pixel entropies reported by Schreiber?® is 0.43 bits, which
is significantly higher than our result (0.11 bits). Consid-
ering the combination of sampling noise (two small im-

ages were used by Schreiber) and video signal noise, the
high mutual information values are not surprising, par-
ticularly for I5. Accordingly the sharp increase of I5 in
our data between b = 7 and 9 bits per pixel shown in Fig.
4 is attributed to the sampling noise effects described in
Section 3. Indeed one can see that the increase becomes
progressively more pronounced for the 2X and 3X spatial
scales, for which, respectively, 1/4 and 1/9 of the original
6.6 X 10° pixels were sampled. Otherwise the spatial
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scale appears to produce only a minor effect on all infor-
mation terms, the largest difference being observed be-
tween scales 1X and 2X for the three-pixel information.
This agrees with approximate scale invariance in natural
images. 28,30-32

5. DISCUSSION

The observed dependence of information terms on pixel
depth is explained below. Consider moving from a cer-
tain pixel depth b + 1 to b. This corresponds to chang-
ing the total number of intensity values from 2n to n,
where n = 2%, by summing the 2n probability distribu-
tion over pairs of neighboring elements as

P,(i/2) = Py, (i) + Py, (i + 1). (22)
Denoting
P, =P + 8P = Py,(i),
Py=P — 6P =P,,(i + 1),
where P = (P + P3)/2, the ith pair input to the single-

pixel entropy change is given by

H}(2n) — Hi(n)

= (Py + Py)logye(Py + Py) — Pylogy Py — Pylogy Py
5P\ 2
= 2P — Plogy|1 — | — + 6P
oP SP
1 1- —] -1 1+ —||.
082 P 082 P

Because |6P/P| < 1 we can expand all logarithms as
power series of SP/P. After some regrouping of terms in
the power series one obtains

©

1 1 (5P)2k

Hl2n) — .
(2m) log2 {Z) k(2k — 1) P~

Hl(n) = 2P —

The single-pixel entropy change is then given by sum-
ming the input from all pairs as

HY(2n) — H(n)

- A 1 (8P;)2k
= E 2P; - E z 2k—1
-1 log2 ;=1 k=1 k(2k — 1) P;

i 1 (6P;)%*
T log2& A R(2k — 1) PR
(23)

where we used X ;2P; = X ;(Py; + Py;) = 1. Thus
the single-pixel entropy change is equal to one bit minus a
small positive measure proportional to local variability of
the probability distribution. The 2 summation in Eq.
(23) can be well approximated by the leading term alone.
Given continuous probability distribution P(x) of pixel in-
tensity x and intensity binning éx ~ 1/n, the discrete dis-
tribution P, ~ P(x;)0x ~ 1/n. Therefore SP;
= [P'(x;)dx]6x ~ (8x)? if we assume a smooth (nonfrac-
tal) P(x) such that P(x) is differentiable [i.e., P'(x) does
not depend on n]. Consequently the leading term in the
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variability measure in Eq. (23) is proportional to 1/n2, or
equivalently to exp(—2b). Summing Eq. (23) over b, one
can see that up to a constant, the single-pixel entropy
H(b) is proportional to pixel depth b minus a positive
value that decreases exponentially as b increases. This
is indeed the functional form of H! shown in Fig. 4(a).
To determine how mutual information terms depend on
pixel depth, it is necessary to repeat the above argument
for the two-pixel entropy H%2. In this case the probabil-
ity distribution matrix P is two-dimensional. Therefore
by changing the pixel depth from b + 1 to b, four neigh-

boring matrix elements are added as
P,(i/2,j12) = Py,(i, j) + Py,(i,j + 1)

+ Py,(i + 1,j) + Py, (i + 1,5 + 1).

(24)
Denoting
Py =P + 6Py = Py,l(i, j),
Py =P+ 6Py = Py, (i,j + 1),
Py =P + 6Py = P,,(i + 1,j),
P,=P+ 6P, =Py, +1,j +1),
where = (Py+ Py + Ps+ Py/4 and 6P, + 6P,

+ 6P3 + 8P4 = 0, and repeating the same steps as for
H' for the leading term in the logarithm expansion, one

obtains

H}(2n) — HA(n)

= (Py + Py + P3 + Pylogy(Py + Py + P53 + Py)
— Pilogy Py — Pylogy Py — Pglogy P3 — Pylogy Py

(6P1)* + (6Py)* + (8P3)* + (6Py)*

2P log 2

~ 8P -

Then for the total change of the two-pixel entropy,
H“(2n) — HY(n)
n 1 n 1 4

= 2 8P;; — 2 (8Pjq)?

=1 210g2”21 Pjja=1

= Z E(éPW)Z (25)

210g2” 1 Pija=1

As was true for the single-pixel entropy, the variability
sum is proportional to 1/n2, since P~ 1/n? and 6P,
~ 1/n3. Finally, using Egs. (23) and (25) one obtains for
mutual information I,

I,(2n) — Iy(n)

(6P))*

i:I i

n 1 4

Z P_z’ (6Pija)? — (26)
Since each sum in Eq. (26) is proportional to 1/n2, or
equivalently to exp(—2b), the two-pixel mutual informa-
tion I5(b) exponentially converges to a constant as pixel
depth b increases [see Fig. 4(b)]. The saturation constant
is positive because the P;; distribution always has a

2 log 2
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“spikier” shape (a larger local variation) compared to IBL»J-
= P,P;. The saturation value becomes zero when pixels
are totally independent and infinite when all pixels are
perfectly correlated (i.e., for an image of uniform inten-
sity). By continuing the argument above for the three-
pixel information term I3 one arrives at the same result
as for I,. Indeed apart from the sampling noise effect for
large b values, the I3 functional form shown in Fig. 4(c) is
equivalent to that of I,.

It is worth noting that electronic noise in a camera’s
CCD that can arise in higher pixel bits would also contrib-
ute to the mutual information saturation. However ac-
cording to van Hateren and van der Schaaf,? noise in the
ensemble’s images is negligible. Besides, block averag-
ing carried out over four and nine nearby pixels (in order
to get images of scales 2X and 3 X, respectively) decreases
the standard deviation of the electronic noise two- and
threefold. If it had been the electronic noise defining the
saturation threshold, block averaging would have in-
creased the threshold by 1 and 1.5 bits correspondingly.
This is clearly not the case, as one can see in Figs. 4(b)
and (c).

It is interesting that saturation occurs for b6 ~ 5—6
bits. This corresponds to approximately 50 shades of
gray, which appears to be the threshold for human gray-
level discrimination.?® Hardly a coincidence, it follows
the general strategy of computing-cost minimization
adopted by the visual system. It is through I,, I3, and
higher-order dependencies that the underlying structure
of the world is encoded in visual images; therefore it
makes sense for the visual system to process incoming
data at the quantization level at which information satu-
ration is reached. Considering that there has been no
study of perceptual threshold for gray-level quantization
in natural scenes to compare with our data, it would be an
interesting psychophysical experiment to perform.

It is customary to log-transform raw image intensities
before collecting ensemble statistics. Images used in the
present work were not log-transformed because we were
interested in statistics of natural images as projected on
the retina, rather than in the postretinal representation.
This is because the retinal output signal is not only log-
transformed, but filtered by the receptive fields of the
ganglion cells, which strongly changes statistics of the
signal. However our results involving mutual informa-
tion are the same for log-transformed images. This fol-
lows from the property of mutual information to be invari-
ant under arbitrary point transformations. Consider n
pixels with the given intensity x: x = {x,...,x,}. Let

y = {yl ’-H’yn} = {fl(xl)’ fZ(xZ) 5""fn(xn)} (27)

be a one-to-one transformation of x in which each f; de-
pends on x; only (point transformation) and has a con-
tinuous first derivative. Because probability density vol-
ume is conserved for an arbitrary transformation, P(y)
= P(x)/|d(x)|, where J(x) = det[df;/ax;] is the Jacobian
of the transformation. Consequently, for n-pixel entropy,

H"(y) = H"(x) + Elog,|dJ(x)|, (28)

where the logarithm of the Jacobian is averaged over in-
tensity values of n pixels.! For a point transformation
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(27) the Jacobian matrix is diagonal with the ith diagonal
element given by df;/dx;. The entropy [Eq. (28)] there-
fore becomes

) Lodf
H" = H" +E —_—
(y) (%) 0g2i:1 Ix;

. df;
= H'(x) + >, Elog,—, (29)
i-1 dx;

13

which shows that each pixel’s entropy change is repre-
sented by an independent term. Because mutual infor-
mation is defined as the difference between n-pixel en-
tropy and n single-pixel entropies, the summation in Eq.
(29) cancels with n single-pixel terms. The same is true
for ordered contributions to mutual information. For I3,
for example,

Is(y1,52,¥3)

=H(y1,y2,¥3) — H(y1,y2) — H(ys2, y3) + H(ys)
3 2

df; df;
=1 , X9, + Elog,— — El
3(x1, X9, x3) 12::1 ngdxi 12::1 ngdxi
3
Elogy ' 4 Elog, 12
_ 0Z9— 0Zy —
~ gzdxi 2 dxy

=I3(xq, xg, x3).

Because the probability distributions in our study were
sampled for discrete rather than continuous pixel inten-
sities, Eq. (28) is valid only as a linear approximation.

To make sure that the effect of intensity quantization is
small, we calculated I, and I for log-transformed images
from the ensemble. The results show that for b6 < 4 mu-
tual information somewhat increased, but for larger pixel
depths the effect of the transformation was negligible.

The I,/H, and I3/H ratios shown in the insets to Fig.
4 indicate that the information redundancy due to inter-
pixel correlations quickly decreases with increasing pixel
depth ( ~ 1/6). Assuming that the human gray-level
discrimination threshold is somewhere around 6 bits per
pixel, the two-pixel contribution to the interpixel redun-
dancy is about 50%. This is higher than the intrapixel
redundancy defined by (b — H{)/b [shown in the inset to
Fig. 4(a)l, which amounts to about 30% for b = 6 bits.
The three-pixel redundancy, on the other hand, inputs
only about 4%, which is an order of magnitude smaller
than either the intrapixel redundancy or the two-pixel re-
dundancy. Even if I, terms decreased by a factor of three
for each consecutive n (a rather conservative assumption),
the contribution from the n > 2 terms combined would
still not exceed 6%.

It is important to point out that I, as defined by rela-
tions (6) is not equivalent to mutual information contri-
bution from nth order correlations in the sense they are
usually understood. Consider three pixels with intensity
x = {x1, x9, x3} given by the Gaussian probability distri-
bution

exp(— %XTR_lx)

@) = et R

(30)
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where R = (xx') is the covariance matrix. It is easy to
show that even though third- and higher-order correla-
tions are zero for the Gaussian distribution, I3 # 0 unless
R1(1,3) =0, or equivalently, (xix3) = (xyxs)
X(x9x3)/(x2). This is because I3 includes second-order
mutual information from the direct correlation between
pixels 1 and 3. This direct correlation excludes an indi-
rect contribution by way of pixel 2, and can be defined as
(x1 — x3) = (x123) — (X129)(x9x5)/(x2). We call it non-
local in the sense that the correlation is between two pix-
els that are not nearest neighbors. It is easy to check
that given three pixels described by Eq. (30), the nonlocal
contribution to I3 is positive: det(R) is maximized for
(x1 <> x3) = 0, while Eq. (31) (defined below) shows that
this maximizes the Gaussian entropy H(G3) and there-
fore minimizes I3 |[given by I3 = 2H(G,) — H(G,)
— H(G3)]. Thus I3 sums two contributions to mutual
information. One is due to local (nearest neighbor)
higher-than-second-order correlations between three ad-
jacent pixels (1, 2, and 3), such as (x;x9x3), and the other
is due to nonlocal second-and-higher-order correlation be-
tween two next-nearest pixels (1 and 3). Note, though,
that to describe the two-pixel, nonlocal correlations,
three-pixel probability factors are required.

To express the information redundancy in terms of cor-
relation orders rather than number of pixels n, we note
further that I, includes contributions from two-pixel cor-
relations of all orders. It can be written as I, = I\
+ I,, where I (2> accounts for the second-order (x;x,) in-
tensity correlations while the higher-order contributions
given by I, correspond to correlations such as (x2x,),
(x2x2), etc. To determine to what extent minimization of
higher-order correlations will reduce the interpixel redun-
dancy it is necessary to calculate 1 (22 ) and compare it with
the rest of the mutual information terms.

Since third- and higher-order correlations are zero for
the Gaussian distribution, (22) can be estimated by ap-
proximating the actual two-pixel probability distributions
with Gaussian distributions of the same mean and cova-
riance. It is straightforward to show that entropy of the
n-dimensional Gaussian probability distribution of rela-
tion (30) is given by*

H(G,) = logy{(2me)"?[det(R)]"?} (31)

Then if intensities of two pixels {x;, x5} are distributed
according to relation (30), the mutual information is

<x1x2>2) 1/2

I(Gy) = 2H(G,) — H(Gy) = —10g2<1 - 5
(x7)

(32)

This gives I\ if (x1x,) and (x?) are calculated using the
actual probability distributions. For b = 6 the I (22) cal-
culated using Eq. (32) was 2.02 bits, which is 0.22 bits
smaller than the total two-pixel information I,. There-
fore the overall contribution of higher-order correlations
estimated as the sum of I; and I, terms is on the order of
0.4 bits, which is five times smaller than the second-order
contribution I, As discussed earlier, along with
higher-order correlations, 5 accounts for nonlocal second-
order correlations as well. This makes the higher-order
contribution even smaller.
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Consequently, removing higher-order correlations
would only insignificantly increase coding efficiency.
Hence it seems unlikely that the higher-order redundancy
minimization is the main constraint shaping the cortical
receptive fields, as previously suggested. This is not to
say that the higher-order redundancy is not important for
vision beyond coding efficiency. After all, it is through
correlations between pixels that we extract information
from images, and this is manifested by the correspon-
dence of our luminance discrimination threshold with
pixel depth where the mutual information (I, and I3) be-
tween pixels saturates. Rather, self-similarity of neu-
ronal responses under translation and scaling
transformations,'® or some other kind of perceptually
(rather than statistically) important constraints, might be
at work instead.

To summarize, we have presented a statistical analysis
of a large ensemble of natural images that is based on lo-
cal factorization of the ensemble’s gray-scale joint prob-
ability distribution. It is shown that the mutual infor-
mation resulting from the local two-pixel and three-pixel
luminance correlations increases with the pixel depth,
saturating for pixel depths larger than 6 bits. We sug-
gest that this accounts for the luminance quantization
threshold in humans. The total contribution from the
three-pixel correlations to the ensemble’s information re-
dundancy was on the order of 4%. It is a small fraction of
both the two-pixel redundancy (50%) and the intrapixel
encoding redundancy (30%). This suggests that the re-
duction of higher-than-second-order redundancies is not
the main cause of receptive field properties of neurons in
V1.
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