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Abstract. Symmetricallyconnectedecurrentnetworks have recentlybeenusedasmodelsof a
hostof neuralcomputationsHowever, biologicalneuralnetworkshave asymmetricatonnections,
attheveryleastbecauseftheseparatiometweerexcitatoryandinhibitory neuronsn thebrain. We
studycharacteristidifferencebetweerasymmetricahetworksandtheirsymmetricatounterparts
in casesfor which they act as selectve amplifiersfor particularclassesf input patterns. We
shaw thatthe dramaticallydifferentdynamicalbehaioursto which they have accessopftenmake
the asymmetricahetworks computationallysuperior We illustrate our resultsin networks that
selectvely amplify orientedbarsandsmoothcontoursin visualinputs.

1. Intr oduction

A large classof nonlinearrecurrentnetworks, including thosestudiedby Grossbey (1988),
the Hopfield net (Hopfield 1982,1984),andthosesuggestednh mary morerecentproposals
for theheaddirectionsystem(Zhang1996),orientationtuningin primaryvisualcortex (Ben-
Yishaietal 1995,CarandiniandRingach1997,Mundeletal 1997,Pougeetal ), eye position
(Seungl996),andspatiallocationin the hippocampugSamsoneich andMcNaughton1997)
malke a key simplifying assumptiorthatthe connectiondetweenhe neuronsaresymmetric
(we call theseS systemsfor short),i.e. the synapsedetweenary two interactingneurons
have identical signsand strengths. Analysisis relatively straightforvard in this case,since
thereis a Lyapuna (or enegy) function (Cohenand Grossbey 1983, Hopfield 1982,1984)
thatguaranteethe corvergenceof the stateof the network to anequilibriumpoint. However,
the assumptiorof symmetryis broadlyfalsein the brain. Networksin the brain arealmost
never symmetricaljf for nootherreasorthantheseparatiometweerexcitationandinhibition,
notoriousn theformof Dale’'slaw. Infact,it hasnever beencompletelyclearwhetheiignoring
the polaritiesof cellsis simplificationor over-simplification. Networks with excitatory and
inhibitory cells (El systemsfor short)have certainlylong beenstudied(e.g.Ermentroutand
Cowan 1979b),for instancefrom the perspectie of patterngeneratiorin invertebratege.g.
Steinetal 1997)andoscillationsin thethalamuge.g.Destexheetal 1993,Golombetal 1996)
andthe olfactorysystem(e.g.Li andHopfield 1989,Li 1995). Further sincethe discovery
of 40 Hz oscillations(or at leastsynchronizationamongstcellsin primary visual cortex of
anaesthetizedats(Grayetal 1989,Eckhornetal 1988),o0scillatorymodelsof V1 involving
separatexcitatoryandinhibitory cellshave alsobeenpopular mainly from the perspectie of
how theoscillationscanbe createcandsustaine@ndhow they canbeusedfor featurelinking
or binding (e.g.von der Malshurg 1981,1988, Sompolinsk et al 1990, Spornset al 1991,
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Figure 1. Threeeffectsthatareobseredanddesiredfor the mappingbetweenvisual input and
outputandwhich constrainrecurreninetwork interactions.The strength=f all theinput barsare
the samethe strengthf the outputbarsareproportionalto the displayedwidths of the bars,but
normalizedseparateljor eachfigure (which hidesthe comparatre suppressionf thetexture).

Konig and Schillen1991, SchillenandKonig 1991, Konig et al 1992, Murataand Shimizu
1993). However, the full scopefor computingwith dynamicallystablebehaiours suchas
limit cyclesis notyet clear andLyapunw functions,which could renderanalysistractable,
donotexist for El systemsxceptin afew specialcaseqLi 1995,Seungetal 1998).

A maininspirationfor ourwork is Li’ s nonlinearkl systemthatmodelshow the primary
visual cortex performsinput contourenhancemerdnd pre-attentre region segmentation(Li
1997,1998). Figurel shavs two key phenomenghatareexhibitedby orientation-tunedaells
in areaV1 of visualcortex (Knierim andvan Esserl1992 Kapadiaetal 1995)in responsé¢o the
presentationf smalledgesegmentghatcanbeisolatedor partsof smoothcontoursor texture
regions. First, theactvities of cellswhoseinputsform partsof smoothcontourghatcouldbe
connectedireboostedover thoserepresentingsolatededgesegments.Secondthe actiities
of cellsin the centresof extendedtexture regions are comparatiely suppessed. A third,
which is computationallydesirablejs thatunlike the caseof hallucinationg Ermentroutand
Cowan 1979a) non-homogeneouspatialpatternof responsahouldnot spontaneouslform
in the centralregionsof uniform texture. Thesethreephenomenaendto work againsteach
other A uniformtextureis justanarrayof smoothcontoursandsoenhancingontourswhilst
suppressingexturesrequiresboth excitation betweenthe contour sggmentsand inhibition
betweersegmentsof differentcontours.This competitionbetweercontourenhancemerdand
texture suppressiontiendsto leadto spontaneougatternformation (Cowan 1982)—i.e.the
morethat smoothcontoursare amplified, the morelikely it is that, given a texture, random
fluctuationgn actvity favouringsomecontourover otherswill grow unstably Indeedstudies
by Braunetal (1994)hadsuggestethatanS-systenmodelof thecortex cannotstablyperform
contourenhancementinlessmechanismgor which thereis no neurobiologicalsupportare
used. Li (1997,1998) shaved empirically that an El systembuilt using just the Wilson—
Cowan equationg1972,1973) cancomfortablyexhibit the threephenomenaand sheused
this modelto addressan extensive body of neurobiologicaland psychophysicatiata. This
posesa question,which we now answey as to what are someof the critical computational
differencesdetweerkl andS systems.

The computationalunderpinningfor contourenhancemenand texture suppressioris
the operationof selectiveamplification—magnifying the responseof the systemto input
patternghatform smoothcontoursandwealeningresponse® thosethatform homogeneous
textures. Selectve amplificationalso underliesthe way that mary recurrentnetworks for
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orientationtuningwork—selectvely amplifying ary componenof theinputthatis well tuned
in orientationspaceandrejectingotheraspect®f theinputasnoise(Suareztal 1995,Ben-
Yishaiet al 1995, Pougetet al 1998). Therefore,in this paperwe studythe computational
propertiesof a family of El systemsandtheir S-systencounterpart@asselectve amplifiers.
We show that El systemscan take advantageof non-trivial dynamicalbehaiour through
delayednhibitory feedbacki.e. giving limit cycles)in orderto achieze muchhigherselectve
amplificationfactorghanS systems Crudely thereasonis thatover thecourseof alimit cycle,
units are sometimesabove and sometimesbelav the actwity (or firing) threshold. Above
threshold,the favouredinput patternscan be substantiallyamplified, even to the extent of
leadingto a tendeng towardsspontaneoupatternformation. However, belowthreshold,in
respons¢o homogeneoumputs,thesetendenciesrecorrected.

In section2, we describegheessentialsf the El systemsandtheirsymmetriccounterparts.
In section3 we analysethe behaiour of whatis aboutthe simplestpossiblenetwork, which
hasjusttwo pairsof units. In sectiord we considethemorechallengingoroblemof anetwork
of unitsthatcollectively represenin anglevariablesuchasthe orientationof a bar of light.
In section5 we considelLi’ s(1997,1998)original contourandregion network thatmotivated
our study

2. Excitatory—inhibitory and symmetric networks

Considera simple,but biologically significant,El systemin which excitatory andinhibitory
cells comein pairsand, asis true neurobiologically thereare no ‘long-range’ connections
from theinhibitory cells(Li 1997,1998)

Xi = —x+ Z Jijg(x;) = h(y;) + I; (@5
j

T,i= —y+ Z Wijg(x;). @)
j

Here, x; are the principal excitatory cells, which receve external or sensoryinput 7;,

and generatethe network outputsthroughactivation functionsg(x;); y; are the inhibitory

interneurongtaken, for simplicity, as having no externalinput) which inhibit the principal
neuronghroughtheiractivationfunction(y;); t, is thetime-constantor theinhibitory cells;
andJ;; andW;; aretheoutputconnection®f theexcitatorycells. For analyticalcorvenience,
we chooseg (x) asathresholdinearfunction

x—T ifx>T
g(X)=[X—T]+=:

0 otherwise

andh(y) = y — T,,. However, theresultsaregenerallysimilarif z(y) is alsothresholdinear
Notethat g (x) is theonly nonlinearityin the system.All cellscanadditionallyreceve input
noise.Notethatneitherof the Lyapuna theoriesof Li (1995)nor Seungetal (1998)applies
to thiscase.

In thelimit thattheinhibitory cellsaremadeinfinitely fast(z, =0), they canbetreatedas
if they areconstantlyat equilibrium

Vi = Z Wijg(x)) (3)
J
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leaving the excitatory cellsto interactdirectly with eachother

Xp = —x; + Z Jijg(x;) —h (Z Wijg(xj)) +1;
J J
=—x * Z(Jij —Wiglx) + 1 +T,. 4)
J

In this reducedsystemthe effective neuralconnections/;; — W;; betweenary two cellsx
canbeeitherexcitatoryor inhibitory, asin mary abstracheuralnetwork models.We call this
reducedsystenin equation4) theeounterpartof theoriginal El system.Thetwo system$iave
thesamefixed points;thatis, z = y = 0 for the El systemandxz = 0 for thereducedsystem
(with 7, = 0) happeratthesamevaluesof x (andy). Sincetherearemary waysof settingJ;;
and W;; in the El systemwhilst keepingconstanthe effective weightin its reducedsystem,
Jij — W;;, andthe dynamicsin the El systemtake placein a spaceof higherdimensionality
onemayintuitively expectthe El systemto have a broadercomputationafange.In casedor
whichtheconnectiorweightsaresymmetric(J;; = J;;, Wi; = Wj;), thereducedsystems an
S system.In suchcaseshowever, the El network is asymmetridoecausef theasymmetrical
interactiondetweerthetwo unitsin eachpair. We studythedifferencedpetweernthebehaiour
of thefull systemin equationg1) and(2) (with 7, = 1) andthebehaiour of the S systemin
equation(4) (with z, = 0).

Theresponsef eithersystento giveninputsis governedythelocationandlinearstability
of their fixed points. Note thatthe input—outputsensitvity of both systemsat a fixed pointz
is given by

dz = (I1—JD, +WD,) "dI

wherel is the identity matrix, J andW arethe connectiormatrices,andthe diagonalmatrix
[D.)ii = g'(x;)f. Althoughthe locationsof the fixed pointsarethe samefor the EI and S
systemsthe dynamicalbehaiour of the systemsaboutthosefixed pointsarequite different,
andthisis whatleadsto their differing computationapower.

To analysethe stability of the fixed points, considey for simplicity, the casethat the
matricesJD, andWD, commute. This meanghatthey have a commonsetof eigervectors,
saywith eigemvaluesi{ andi), respectiely, for k = 1,..., N whereN is the dimensionof
x. ThelocaldeviationsAz = x — & nearthefixedpointsalongeachof the N eigervectorsof
JD, andwD, will grow intime Az, (1) = Ax(0)e” if therealpartsof thefollowing values
arepositive:

o=y = -1+ + (22— )Y

w=ye=-1-2'+x for the S system

for the El system

For the caseof real »{ and)V, thefixed pointis lessstablein the El systemthanin the
reducedsystem. Thatis, anunstablefixed pointin the reduceclsystem,ykS > 0, leadsto an
unstablefixed pointin the El system,£' > 0, since3 (3])? — A > (—1+31{)2%. However,
if ¥ is complex (A > (1])?), i.e. if the El systemexhibits (possiblyunstable)oscillatory
dynamicsaroundhefixedpoint,thenthereducedystenis stable:yS < —1+Aj—;11(}s,§)2 <0.
Inthegeneratasefor whichJD, andWD, donotcommuteorwhena] andi} arenotreal,the
conclusionthatthe fixed pointin the El systemis lessstablethanthatin the reducedsystem
is merely a conjecture. However, this conjectureis consistentwith resultsfrom singular
perturbationtheory (e.g. Khalil 1996) that whenthe reducedsystemis stable,the original
systemin equationg1) and(2) is alsostableast, — 0 but maybe unstablefor largerz,.

T Weignoresubtletiessuchasthe non-differentiability of g(x) atx = T thatdo not materiallyaffect theresults.
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3. The two-point system

A particularly simple caseto considerhasjust two neurons(for the S system;two pairs of
neurondor the El system)andweights

(7 %) ()
J Jo w  wo.

Theideais thateachnodecoarselymodelsa groupof neuronsandtheinteractionshetween
neuronswithin a group (jo and wg) are qualitatively different from interactionsbetween
neuronsetweergroups(j andw). Theform of selectve amplificationhereis thatsymmetric
or ambiguousnputsI* = I(1, 1) shouldbe suppressedomparedwith asymmetridnputs
I® = I(1,0) (and, equivalently 7(0, 1)). In particulay given I?, the systemshouldnot

spontaneouslgenerataresponsevith x; significantlydifferentfrom x,. Intermsof figure1l,

I? is analagouso the uniform texture and I® to theisolatedcontour Definethe fixed points
tobei® = 8 > T underI® andx® > T > x5 underI®, whereT is the thresholdof the
excitatory neurons.Theserelationshipswill betrueacrossawide rangeof inputlevels .

We quantifythe selectve amplificationof the networks by theratio

R dxb/d1

dx?/d!

wherethetermsx areaverage®r maximaover theoutputsof thenetwork. Thiscompareshe
gainsof thesystento theinputfor I andI®. Largevaluesmply highselectve amplification.

To becomputationallyuseful,the S systemsnustcornvergeto finite fixedpoints,in which case
X =xand

®)

gs o TH(tw) = Go+p) _, w=j) ©)
1+ (wo — jo) 1+ (wo — Jo)
If anEl systemundegoedimit cycles,thenthelocationof its fixedpointsmayonly be poorly
relatedto its actualoutput. We will thereforeusethe maximumor meanof the outputof the
network over alimit cycleasx. We will shav thatEl systemsanstablysustainargervalues
of R thanS systems.
Considetthe S system.Sincex? is below threshold(x2 < T) in responseo the selectie
input I°, the stability of thefixed point, determinedy xi’ alone,is governedby thesignof

y® = —(L+wo — jo). (7)
The stability of theresponséo theunselectie input I? is governedby
yf=—1+wo£w) = (ot /) ®)

for thetwo modef deviation Axy = (x1 — ¥%) £ (xo — ¥3) aroundfixed pointa.

We derive constrainton the maximumvalue of the selectvity ratio RS of the S system
from constraintson yS andy$. First, sincewe only considercasesvhenthe input-output
relationshipdz/d! of thefixed points(di2/dI = —(1/yS) anddx®/dI = —(1/y%)) iswell
definedwe have to have thaty$ < 0 andyS < 0. Secondjn responséo I2, we requirethat
the Ax_ modedoesnot grow, asotherwisesymmetrybetweerx; andx, would spontaneously
break. Given the existenceof stablez® underI®, dynamicsystemtheory dictatesthat the
Ax_ modebecomesinstablevhentwo additional,stable,anduneven fixed pointsxf # x5
for (the even)input I* appear Hencethe motiontrajectoryof the systemwill approactone
of thesestableuneven fixed pointsfrom the unstablesvenfixed point. Avoiding this requires
thatyS < 0. Fromequation(8), thismeanghatw — j < 1 +wg — jo, andthereforethat

RS < 2.
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The symmetry presewing network
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Figure 2. Phaseportraitsfor the S systemin the two-pointcase.(A, B) Evolution in response¢o
I*x (1, 1) andI® « (1, 0) for parametergor which the responseo I? is stablysymmetric. (C,
D) Evolution in responséo I? and I® for parameter$or which the symmetricresponseo I? is
unstablejnducingtwo extra equilibriumpoints. Thedottedlinesshav thethresholdsr” for g(x).

Figure2 shavs phaseportraitsandthe equilibrium pointsof the S systemunderinput 12 and
1P for thetwo differentparameteregions.

As we have describedthe El systemhasexactly the samefixed pointsasthe S system,
but thereareparameteror which thefixed pointscanbe stablefor the S systembut unstable
for the El system.The stability aroundthe symmetricfixed pointunderI? is governedby

yE = —1+1Go% ) /2o £ )2 — (wot w)
while thatof theasymmetridixed point underI? (if it exists)or I® is controlledby
yH = —1+3jo% /34§ — wo.

Consequentlywhentherearethreefixed pointsunder?, all of themcanbe unstablen the
El system,andthe motion trajectorycannotcorverge to any of them. In this case,when
both the Ax, and Ax_ modesaroundthe symmetricfixed point x2 = k3 areunstable the
global dynamicscanconstrainthe motion trajectoryto alimit cycle aroundthe fixed points.
If x2 ~ x§ onthislimit cycle, thenthe El systemwill notbreaksymmetrywhile potentially
giving ahighselectve amplificationratio R¥' > 2. Figure3 demonstratetheperformancef
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Figure 3. Projectionsof theresponsef the El system.(A, B) Evolution of responséo I2. Plots
of (A) x1 versusy; and(B) g(x1) — g(x2) (solid)andg(x1) + g(x2) (dotted)versugime shav that
thex; = x modedominatesandthe growth of x; — x2 whenbothunitsareabove threshold(the
downward‘blips’ in thelowercurwein (B) arestronglysuppresse@henx; andx; arebothbelov
threshold.(C, D) Evolution of theresponséo IP. Here,theresponsef x; alwaysdominateshat
of x, over oscillations. The differencebetweeng(x1) + g(x2) andg(x1) — g(x2) is too smallto
beevidentonthefigure. Note thedifferencein scalesbetween(A, B) and(C, D). Here jo = 2.1,
j =04,wo=111landw = 0.9.

the El systemin thisregime. Figure3(A,B) shawvs variousaspect®f theresponséo input 12
which shouldbecomparatiely suppressedThesystenoscillatesn suchawaythatx; andx;
tendto be extremelysimilar (including beingsynchronized) Figure3(C,D) shawvs the same
aspectof theresponséo I, which shouldbe amplified. Again the network oscillates,and,
althoughg (x,) is notdriven completelyto zero(it peaksat 15), it is very stronglydominated
by g(x1), andfurther, the overall responsés muchstrongerthanin figure 3(A,B). Note also
the differencein the oscillation period—thefrequengy is muchlower in responseo I° than
I

The phase—spacplot in figure 4 (which expandson thatin figure 2(C)) illustratesthe
pertinentdifferencebetweernthe EI andS systemsn responséo the symmetricinput pattern
I2. WhenJd andW arestrongenoughto provide substantiabmplificationof I°, the S system
canonly roll down thelocal enegy landscape

E@) =—3Y (Jij — Wi)Ax;Ax; + 1) Ax? + E@@®)
ij i
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Figure 4. Phase-spacplot of the motion trajectoryof the S systemunderinput I? « (1, 1).
Amplifying sufiiciently the asymmetricinputs I? « (1, 0), (0, 1) leadsto the creationof two
enegy wells (marked by =X) which are the two asymmetricfixed points underinput I2. This
makesthe symmetricfixed point (markedby ¢) unstableandactuallyasaddlepointin theenegy
landscap¢hatdivertsall motiontrajectoriesowardstheenegy wells. Thereisnoenegy landscape
in the EI system. Its fixed points (alsomarked by 2X) canbe unstableandunapproachableThis
malkes the motion trajectoryoscillate (into the y dimensions)aroundthe fixed point ¢, whilst
preservingr; = xp andthusnotbreakingsymmetry

(whenh(y) is linear)for x = 2 + Az, from the point 2 ({), which is a saddlepoint, since
theHessiard?E /3 Ax;d Ax; haseigevalues—yS > 0 and—yS < 0, to oneof thetwo stable
fixed points, and therebybreakthe input symmetry However, the El systemcanresortto
globallimit cycles(onwhich x1(t) ~ x2(t)) betweenunstablefixed points,andso maintain
symmetry The conditionsunderwhich this happensn the El systemare:

(a) At the symmetricfixed point underinput 1?2, while the Ax_ modeis guaranteedo be
unstablebecausehy design,it is unstablein the S system,the Ax, modeshouldbe
unstableandoscillatorysuchthatthe Ax . modedoesnotdominatethe motiontrajectory
andbreakthe overall symmetryof the system.

(b) Undertheambiguousnput 2, theasymmetridixedpoints(whoseexistencas guaranteed
fromtheSsystem}phouldbeunstableto ensurehatthemotiontrajectorywill notcorverge

to them.

(c) Perturbationgn the directionof Ax; = —Ax, aboutthelimit cycle definedby x; = x;
should shrink underthe global dynamics,as otherwisethe overall behaiour will be
asymmetric.

Thelastconditionis particularlyinterestingsinceit canbethatthe Ax_ modeis locally more
unstable(at the symmetricfixed point) thanthe Ax, mode,sincethe Ax_ modeis more
strongly suppressewvhenthe motion trajectoryentersthe subthresholdegion x; < 7 and
x2 < T (becausef thelocationof its fixed point). As we canseein figure 3(A,B), this acts
to suppressry overall growth in the Ax_ mode. Sincethe asymmetridixed point underI®
is just asunstableasthatunder®, the El systemrespondgo asymmetridnput I° alsoby a
stablelimit cycle aroundtheasymmetridixed point.

Using the meanresponsef the systemduring a cycle to define z, the selectve
amplificationratio in figure 3 is RE' = 97, which is significantly higherthanthe RS = 2
availablefrom the S system.Onecananalysehethreeconditionstheoretically(thoughthere
appearso beno closed-formsolutionto thethird constraint) andthenchooseparametersor
which the selectvity ratio is greatest.For instance figure 5 shows the rangeof achievable
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ratio

Figure5. Selectvity ratio R asafunctionof wg andw for jo = 2.1and; = 0.4 for theEl system.
Theratio is basedon the maximalresponsesf the network during a limit cycle; resultsfor the
meanresponsearesimilar. Theratio is shavn asO for valuesof wg andw for which oneor more
of the conditionsis violated. The largestvalueshawn is RE' = 103, which is significantlygreater
thanthemaximumvalue RS =2 for the S system.

ratiosas a function of wg andw for jo = 2.1, j = 0.4. The steeppeakcomesfrom the
region aroundwg ~ jo — 1. To reiteratethe S systemis not appropriatelystablefor these
parametersClearly, very high selectvity ratiosareachievable. Note thatthis analysissays
nothingaboutthetransienbehaiour of thesystemasafunctionof theinitial conditions.This
andtheoscillationfrequeny arealsounderreadycontrolof the parameters.

This simpleexampleshavs thatthe El systemis superiorto the S systemat leastfor the
computatiorof theselectve amplificationof particularinput patternsvithouthallucinationsor
othergrossdistortionsof theinput. If, however, spontaneousymmetrybreakingis desirable
for someparticularcomputationthe El systencaneasilyachiere thistoo. The El systemhas
extra degreesof freedomover the counterparS systemin thatd andW canboth be specified
(subjectto a givendifferenced — W) ratherthanonly the differenceitself. In fact,it canbe
shawn in this two-pointcasethatthe El systemcanreproducequalitatively all behaiours of
the S system|.e. with the samefixed pointsandthe samelinear stability (in all modes).The
oneexceptionto thisis thatif thedemandsf thecomputatiorrequirethattheambiguousnput
I? be comparatiely amplifiedandtheinput I® be comparatiely suppressedsingan overly
strongself-inhibition term wy, thenthe El systemhasto be designedo respondto I* with
oscillationsalongwhich xy () >~ x»(1).

4. The orientation system

One recent application of symmetric recurrentnetworks has beento the generationof
orientationtuning in primary visual cortex. Here,neuralunitsi have preferredorientations
6; = (i@ — N/2r/N fori = 1,..., N (theanglesrangein [—x/2, = /2) sincedirectionis
ignored). Underidealandnoiselessonditions,an underlyingorientationg* generatesput
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toindividualunitsof I; = f(6; —6*), wheref(-) istheinputtuningfunction,whichis usually
unimodaland centredaroundzero. In reality, of coursethe inputis corruptedby noiseof
varioussorts. Thenetwork shouldtake noisy (andperhapsveaklytuned)inputandselectvely
amplify the componentf (6; — 6*) that represent®* in the input. Basedon the analysis
above, we canexpectthatif an S network amplifiesa tunedinput enough thenit will break
inputsymmetrygiven an untunednputandthushallucinateatunedresponseHowever, anEl
systemcanmaintainuntunedandsuppressedesponseo untunedinputsto reachfar higher
amplificationratios. We studyanabstractersionof this problem,anddo notattempto match
the exacttuningwidthsor neuronalbscillationfrequenciesecordedn experiments.

ConsidefirstasimpleEl systenfor orientatiortuning,patterneafterthecosineS-system
network of Ben-Yishaietal (1995). In thesimplestcasetheconnectiommatrices] andw are
the Toplitz:

Jij = 1(A + Bcos2(6; — 0))))
N ©)
W, = —C.
N

This is a handyform for the weights,sincethe netinput sumsin equationg1) and (2) are
functionsof just the zeroth-and second-ordeFourier transformsof the thresholdednput.
Making W;; a constanis solelyfor analyticalcorvenience—weéave alsosimulatedsystems
with cosine-tunedonnectiongrom the excitatorycellsto theinhibitory cells. For simplicity,
assumaninput of theform

1I; = a+bcog26;) (10)

generatedy anunderlyingorientationd* = 0. In this casethefixed point of the network is
known to take theform

X; = o+ Bc0g26;) (11)
wherex andg aredeterminedy a andb. Also,for T =1,

g(%;) = [@ —1+Bcog20)],
=B [00529:') - 003290)]+ (12)

whered, is a cut-off. Notethattheform in equation(12)is only valid for 6, < 7 /2.

In the sameway that we designedhe two-point systemto amplify contentfulpatterns
suchasI® « (1, 0) selectvely comparedvith the featurelespatternI® o (1, 1), we would
like the orientationnetwork to amplify patterndor which 4 > 0 in equation(10) selectiely
over thosefor which b ~ 0. In fact,in this case we canalsoexpectthe network to filter out
ary higherspatialfrequenciesn the input thatcomefrom noise(seefigure 6(A)), although,
asPougetet al (1998)discussthe statisticaloptimality of this dependson the actualnoise
procesgerturbingtheinputs.

Ben-Yishaiet al (1995)analysedn somedetail the behaiour of the S-systemversion
of this network, which hasweights J;; — W;; = & [(A — C) + Bcos2(6; — 0;))]. These
authorswvereparticularlyinterestedn aregimethey calledthemaminal phasein whicheven
in the absencef tunedinput b = 0, the network spontaneousljorms a patternof the form
x; = a + Bcos2(6; — ¢)), for arbitrary¢. In termsof our analysisof the two-pointsystem,
this is exactly the casethat the symmetricfixed point is unstablefor the S system leading
to symmetrybreaking. However, this behaiour hasthe unfortunateconsequencéhat the
network is forcedto hallucinatethatthe input containssomeparticularangle(¢) even when
noneis presentedlt is this behaiour thatwe seekto avoid.
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It canbe shown that,above thresholdthegaindg/ab of thefixedpointis
B 1
ob  1— B(20; — sin(46,)) /2
whichincreasestvith 6.. For the S systemwe requirethattheresponséo aflat inputb = 0
is stablyflat. Making the solutiong(x) = «a — 1 stableagainstfluctuationsof the form of
c0920) requiresB < 2. Thisimpliesthatog/ab < 2 for 6. = 7 /4. Thegainda/da for the
flat modeis

oo 1

da 1—-(A-0C)
andso,if weimposetheextraconditionthatJ;; — W;; > 0, in accordancavith neurobiological
expectationghattheweightshave the shapeof aMexicanhatwith netexcitationatthecentre,
thenwerequirethatA — C > —B andsothat
1 1
—_— > .
1-(A-C) 3
Hence the amplificationratio RS = (38/0b)/(da/da) < 6 for atuningwidth 6. = 7 /4, or
RS < 3.75for asmaller(andmorebiologically faithful) width 6, = 30°.
TheEl systemwill behae appropriatelyfor largeamplificationratio R if the samesetof
constraintsasfor thetwo-pointcasearesatisfied.This meanghatin responseo the untuned
input, atleast:

(a) Theuntunedixedpointx = « shouldbeunstable Thebehaiour of thesystemaboutthis
fixed point shouldbe oscillatoryin the modex; = x;. Theseconditionswill besatisfied
if A2 <4C andA > 2.

(b) Thering of fixedpointsthatarenottranslationallyinvariant(x; = « + 8 coS2(6; — ¢)) for
arbitrary¢) shouldexist undertranslation-iwariantinput andbe unstableandoscillatory

(c) Perturbationén thedirectionof cog2(6 — ¢)) ( for arbitrary¢) aboutthefinal limit cycle
definedby x; = x; shouldshrink. The conditionsunderwhich this happensare very
similar to thosefor thetwo-pointsystemwhich wereusedto helpderive figure5.

Although we have not beenableto find closed-formexpressiondor the satishction of all
theseconditions we canusethemto delimit setsof appropriatgparametersln particular we
may expectthat,in generalarge valuesof B shouldleadto large selectve amplificationof
thetunedmode,andthereforewe seekgreatervaluesof B subjectto the satishctionof the
otherconstraints.Figure 6 shavs the responsef onenetwork designedo have a very high
selectve amplificationfactorof ~1500. Figure 6(A) shavs noisy versionsof both flat and
tunedinput. Figure6(B) shavs theresponseo tunedandflat inputsin termsof themeanover
theoscillations.Figure6(C) shavs the structureof the oscillationsin thethresholdedctivity
of two unitsin responséo atunedinput. The frequeng of the oscillationsis greaterfor the
untunedthanfor thetunedinput (hotshavn).

Thesuppressionf noisefor nearlyflatinputsis aparticulamonlineareffectin theresponse
of thesystem.Figure7(A,B) shovs onemeasuref theresponsef thenetwork asafunction
of themagnitudeof b for differentvaluesof a. Thesigmoidalshapeof thesecurvesshavsthe
way thatnoiseis rejected. Indeed,b hasto be sufficiently large to excite the tunedmodeof
thenetwork. Figure7(B) shavs the samedata,but appropriatelynormalizedjndicatingthat,
if r(a, b) isthepeakresponsevhentheinputis a + b c0926), thenr(a, b) >~ ar(1, b/a). The
scalardependencen a was obsenedfor the S systemby Salinasand Abbott (1996). When
b/a is solargethattheresponsés away from theflat portion of the sigmoid,the responsef

T Notethatf, alsochangesvith theinputb, but only by a smallamountwhenthereis substantiabmplification.
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Figure 6. Cosine-tuned4-unitEl system.(A) Tuned(dottedandsolid lines) anduntunedinput
(dashedine). All inputshave the sameDC level a = 10 andthe samerandomnoise;the tuned
inputsincludeb = 2.5 (dotted)andb = 5 (solid). (B) Meanrespons®f the systemto theinputs
in (A), thesolid, dotted,anddashecturvesbeingtheresponsesf all unitsto the correspondingly
designatednput curvesin (A). The network amplifiesthe tunedinput enormously albeit with
rathercoarsetuning. Note thatthe responseo the noisy anduntunedinput is almostzeroat this
scale(dashecturwe). If a is increasedo 50, thentheresponseemainsindistinguishabldrom the
dashedine in thefigurealthoughits peakvaluedoesactuallyincreasevery slightly. (C) Temporal
responsef two units to the solid input from (A). The solid line shavs the responsef the unit
tunedfor 0° andthedashedine thatfor 36.5°. Theoscillationsareclear HereA = 6.5, B = 8.5
andC = 145.

thenetwork atthe peakhasthesamewidth (6;) for all valuesof a andb, beingdeterminegust
by theweights.

Althoughcosinetuningis corvenientfor analyticalpurposesit hasbeenarguedthatit is
too broadto modelcorticalresponasiity (see,in particulay the statisticalagumentsn Pouget
etal 1998). Onesideeffectof thisis thatthetuningwidthsin theEl systemareuncomfortably
large. It is not entirely clearwhy they shouldbe largerthanfor the S system. However, in
thereasonableasethatthetuning of theinputis alsosharpetthana cosine for instancethe
Gaussianandthe tuningin the weightsis also Gaussiansharperorientationtuning canbe
achieved. Figure8(B,C) shawvs the oscillatoryoutputof two unitsin the network in response
to atunedinput, indicatingthe sharpeoutputtuningandthe oscillations.Figure8(D) shavs
the actiities of all the units at threeparticularphasef the oscillation. Figure 8(A) shavs
how the meanactvity of the mostactivatedunit scaleswith the levels of tunedanduntuned
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Figure 7. Meanresponsef thed; = 0° unitasafunctionof » for threevaluesof a. (A) Themean
responsefor a = 20(solid),a = 10(dashedpnda = 5 (dotted)areindicatedfor differentvalues
of b. Sigmoidalbehaior is prominent.(B) Rescaling and theresponseby a makesthe curves
lie ontop of eachother

input. Thenetwork amplifiesthetunedinputsdramaticallynore—notehelogarithmicscale.
The S systembreakssymmetryto theuntunednput (b = 0) for theseweights. If theweights
arescaleduniformly by a factorof 0.22, thenthe S systemis appropriatelystable. However,
themagnificatiorratio is 4.2 ratherthansomethinggreaterthan100Q

The orientationsystemcan be understoodo a largely qualitatve degreeby looking at
its two-pointcousins.Many of the essentiatonstraintoon the systemaredeterminedy the
behaiour of the systemwhenthe modewith x; = x; dominatesjn which casethe comple
nonlinearitiesnducedby 6, andits equivalentsareirrelevant. Let J ( /) andWw ( 1) for (angular)
frequeny f betheFouriertransformsof J(i — j) = J;; andW (i — j) = W;; anddefine

AMf) = Re{—l +3T(H+iyWw) — %i2<f>} .

Then,let f* > 0 be thefrequeng suchthati(f*) > A(f) forall f > 0. Thisis thenon-
translation-imariantmodethat is mostlikely to causeinstabilitiesfor translation-iwariant
behaiour. A two-point systemthat closely correspondso the full systemcanbe found by
solvingthe simultaneougquations

jo+j=J(0) wo +w = W(0)
jo—Jj=J(f wo —w = W(f*).

This designequateghe x; = x, modein the two-point systemwith the f = 0 modein the
orientationsystemandthe x; = —x, modewith the f = f* mode.For smoothJ (i — j) and
W (i —j), f*isoftenthesmallesor oneof thesmallesnon-zercspatialfrequencieslt is easy
to seethatthe two systemsare exactly equialentin the translation-imariantmodex; = x;
undertranslation-inariantinput 7; = I; in boththelinearandnonlinearregimes. A coarse
sweepover theparametespaceof Gaussian-tunedlandW in the El systenshavedthatfor all
casedried, thefull orientationsystenmbroke symmetryif, andonly if, its two-pointequivalent
alsobroke symmetry Quantitatively, however, theamplificationratio differsbetweerthetwo
systemssincethereis no analogueof . for thetwo-pointsystem.
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Figure8. TheGaussiamrientatiometwork. (A) Meanresponsef thed; = 0° unitin thenetwork
asafunctionof a (untuned)or b (tuned)with alog scale.(B) Activity of the6; = 0° (solid) and
0; = 30° (dashedyunitsin the network over the courseof the positive partof anoscillation. (C)
Activity of theseunitsin (B) over all time. (D) Activity of all the units at the threetimesshavn
as(i), (i) and(iii) in (B), where(i) (dashed)s in therising phaseof the oscillation, (i) (solid) is
atthe peak,and(iii) (dotted)is duringthefalling phase.Here,theinputis I; = a + be~@)3/20%
with o = 13, andthe Toplitz weightsare J;; = (3 + 216 G=003/25%) /N with o’ = 20° and
W;j =235/N,and(0)r =m/2—|10| —7/2|.

5. The contour-regionsystem

Thefinal exampleis theapplicationof the El andS systemgo thetaskdescribedn figure 1 of
contourenhancemerdandtextureregion sggmentation.In this casetheneuralunitsrepresent
visual stimuli in the input at particularlocationsand orientations. Hencethe unit x;, (or
the pair (x4, yi9)) corresponds$o a small bar or edgelocatedat (horizontal,vertical)image
location (m;, n;) in a discrete(for simplicity, Manhattan)grid and orientedat 6 = kn/K
fork = 0,1, ..., K — 1for afinite Kt. The neuralconnections] andW link unitsié and
jO0’ symmetricallyandlocally. The desiredcomputationis to amplify the activity of unit i
selectvely if it is partof anisolatedsmoothcontourin theinput, andsuppres# selectvely if
it is partof ahomogeneoumput region.

T We do not considetherehow orientationtuning is achieved as in the orientationsystem;hencethe neuralcircuit
within given agrid pointi is notthe sameasthe orientationsystemwe studiedabove.
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(A) (B) ©) (D)

Figure 9. Thefour particularvisual stimuluspatternsA, B, C andD discussedh thetext.

In particular considerthefour input patternsA, B, C andD shaown in figure9, whenall
input barshave & = 7/2, eitherlocatedat every grid pointi asin patternA or at selectve
locationsasin patterndB, C andD. Here,wrap-aroundoundaryconditionsareemployed,so
thetop andbottomof the plotsareidentified,asaretheright andleft.

Given that all the visible barsin the four patternshave the sameinput strength/, the
computatiorperformedoy thenetwork shouldbesuchthattheoutputsfor thevisible barunits
bewealestfor patternA (which is homogeneousktrongerfor patternB, andeven stronger
still for patternC, andalsosuchthatall visible units shouldhave the sameresponsdevels
within eachexample.For thesesimpleinput patternswe canignoreall otherorientationsfor
simplicity, denotesachunit simply by its locationi in theimage,andconsidetheinteractions
Jij andW;; restrictedto only theseunits. Of course this is not true for morecomple input
patternsbut will sufice to derive someconstraints. The connectionshouldbe translation
androtationinvariantand mirror symmetric;thus J;; and W;; shoulddependonly oni — j
andbe symmetric. Intuitively, weights J;; shouldconnectunitsi, j whenthey aremoreor
lessvertically displacedrom eachotherlocally to achieve contourenhancemengndweights
W;; shouldconnectthosei, j thataremoreor lesshorizontallydisplacedocally to achieve
actiity suppression.

Define

J, = Z Jij Jo = Jii
Jimj=m;+c

W= Y W;  wo=Wi.
Jimj=m;+c

Theinput gainsto patternsA, B andC at thefixed pointswill beroughly

-1
= |:1+ZW£—ZJ{|

1€ 13
g% = [1+wo — Jjo] (13)
! ! -1

sC=[1+wy— 5]
The relative amplification or suppressiorcan be measuredoy ratios g€ : g8 : g”. Let
A = (Jy — jo) — (W3 — wo). Then,the degreeof contourenhancements measuredy
g%/g8,is
1+wo— jo
Cc, B __

L R
To avoid symmetrybreakingbetweerthetwo straightlinesin theinput patternD, we require,
justasin thetwo-pointsystemthat

Wi —J, < L+ W, —J) = A +wo— jo— A). (14)
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In the simplestcase et all connections/;; and W;; connectelementddisplacedhorizontally
for no morethanonegrid distancej.e. |m; —m;| < 1. Then,J. = W/ = 0for |c| > 1. For
" < ¢B, werequire

YW= "Il > wo— jo
or, equivalently,
2(W, —J) > A.
Combiningthis with equation(14), we get
A <51 +wo— jo) = g°/8° <3.

In the El system however, W; — J; canbe very large without breakingthe symmetry
betweerthe two linesin patternD. This is the sameeffect we investigatedn the two-point
system.This allows the useof

A=1-8)A+wo— jo)

with very small valuesof § « 1/3 andthusa large contourenhancemenrfiactor g©/g8 ~
1/8 > 3. Otherconsiderationslo limit A, but to a lesserextent (Li 1998). This simplified
analysisis basedon a crudeapproximationto the full, comple, system. Neverthelessijt
may explain the comparatiely poor performanceof mary S systemsdesignedfor contour
enhancemenguchasthe modelsof Grossbay andMingolla (1985)andZucker etal (1989),
by contrastwith theperformancef amorebiologically basedEl system(Li 1998). Figure10
demonstratethatto achieve reasonableontourenhancementhe reducedS system(using
7, = 0 andkeepingall the other parametershe same)breakssymmetryand hallucinates
stripesin response&o a homogeneousiput. As onecanexpectfrom our analysisthe neural
responsedn the El systemare oscillatory for the contourand line segmentsaswell asall
s@gmentsn thetexture.

6. Conclusions

We have studiedthe dynamicalbehaiour of networks with symmetricaland asymmetrical
connectionandhave shavn thatthe extra degreesof dynamicalfreedomof the latter canbe

put to good computationaluse. Many applicationsof recurrentnetworks involve selectve

amplification—andhe selectve amplificationfactorsfor asymmetricahetworks cangreatly
exceedthose of symmetricalnetworks without their having undesirablehallucinationsor

grosslydistortingtheinputsignal. If, however, spontaneougatternformationor hallucination
by the network is computationallynecessarysuchthat the systemgives preferredoutput
patternsevenwith ambiguousunspecifiedr randomnoiseinputs,the El systemjustlike the

S system,can be so designed at leastfor the paradigmaticcaseof the two-point system.
Oscillationsare a key facetof our networks. Although thereis substantialcontroversy
surroundingthe computationakole and existenceof sustainedscillationsin cortex, there
is ample evidencethat oscillationsof various sorts can certainly occur which we take as

hinting atthe relevanceof the computationategimethatwe have studied.

We have demonstratedhe power of excitatory—inhibitorynetworks in threecasesthe
simplesthaving just two pairs of neurons,the next studyingtheir applicationto the well
studiedcaseof thegeneratiorof orientationtuning,and,finally, in thefull contourandregion
segmentatiorsystemof Li (1997,1998)thatinspiredthiswork in thefirst place.For analytical
corvenienceall our analysedxampleshave translationsymmetryin the neuralconnections
andthe preferredoutput patternsaretranslationakransformsof eachother This translation
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Figure 10. Demonstratiorof the performanceof the contourregion system.(A) Inputimagel;q
andthe meanoutputresponse, (x;s) from the El systemof Li (1998). I is the samefor each
visible barsegment,but g, (x;9) is strongerfor theline andcircle sggmentsshown in the plot as
proportionako thebarthicknessesTheaverageesponsérom thereducedsystem(takingr, = 0)
is qualitatively similar. (B) In responseo a homogeneougexture input, the El systemresponds
faithfully with homogeneousutput,while thereducedsystemhallucinatesstripes.

symmetryis notanabsolutelynecessargonditionto achiere selectve amplificationof some
input patternsagainstothers,asis confirmedby simulationsof systemswithout translation
symmetry

We madevarioussimplificationsin orderto getanapproximateanalyticalunderstanding
of thebehaviour of thenetworks. In particular the highly distilled two-pointsystemprovides
muchof theintuition for the behaiour of the morecomplex systems.It suggests smallset
of conditionsthat mustbe satisfiedto avoid spontaneougatternformation. We alsomade
the unreasonablassumptiorthat the inhibitory neuronsare linear ratherthan sharingthe
nonlinearactivation function of the excitatory cells. In practice,this seemsto make little
differencen thebehaiour of thenetwork, eventhoughthelinearform 2(y) = y — T, hasthe
paradoxicapropertythatinhibition turnsinto excitationwheny < 7,. The analysisof the
contourintegrationandtexture segmentatiorsystemis particularlyimpoverished.Li (1997,
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1998)imposedsubstantiaéxtra conditions(e.g.thataninput contourof afinite lengthshould
notgrow becausef excessie contextual excitation)andincludedextranonlinearmechanisms
(aform of contrastnormalization) honeof which we have studied.

A primefactunderlyingasymmetricahetworksis neuronalnhibition. Neurobiologically
inhibitory influencesare,of course substantiallymorecomplicatedhanwe have suggested.
In particular inhibitory cells do have somavhat fastertime constantshan excitatory cells
(thoughthey arenot zero),andarealsonot so subjectto short-termplasticity effectssuchas
spike rateadaptatior{which we have completelyignored).Inhibitory influencesalsoplay out
at a variety of differenttime scaledy dint of differentclasse®f receptoron the targetcells.
Neverthelessthereis ampleneurobiologicalindtheoreticalreasornto believe thatinhibition
hasa critical role in shapingnetwork dynamics,andwe have suggesteane computational
role that canbe subsered by this. In our selectve amplifiers,the factthatinhibition comes
from interneuronsandis thereforedelayed pothintroducedocal instability at thefixed point
andremaesthe global spontaneougattern-formingnstability arisingfrom the amplifying
positive feedback.

It is not clearhow the synapticweightsJ andw in the El systemmay be learnt. Most
intuitions aboutlearningin recurreninetworks comefrom S systemswherewe areaidedby
theavailability of enegy functions. Shaving how learningalgorithmscansculptappropriate
dynamicalbehaiour in El systemss the next andsignificantchallenge.
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