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Abstract. Symmetricallyconnectedrecurrentnetworkshave recentlybeenusedasmodelsof a
host
�

of neuralcomputations.However, biologicalneuralnetworkshaveasymmetricalconnections,
attheveryleastbecauseof theseparationbetweenexcitatoryandinhibitoryneuronsin thebrain.We
studycharacteristicdifferencesbetweenasymmetricalnetworksandtheirsymmetricalcounterparts
in
�

casesfor which they act as selective amplifiersfor particularclassesof input patterns. We
show thatthedramaticallydifferentdynamicalbehavioursto which they have access,oftenmake
the
�

asymmetricalnetworks computationallysuperior. We illustrateour resultsin networks that
selectively amplify orientedbarsandsmoothcontoursin visualinputs.

1. Intr oduction

A largeclassof nonlinearrecurrentnetworks, including thosestudiedby Grossberg (1988),
the
�

Hopfieldnet (Hopfield1982,1984),andthosesuggestedin many morerecentproposals
for theheaddirectionsystem(Zhang1996),orientationtuningin primaryvisualcortex (Ben-
Y
	

ishaiet
 al 1995,CarandiniandRingach1997,Mundelet
 al 1997,Pougetet
 al ),
�

eyeposition
(Seung
�

1996),andspatiallocationin thehippocampus(Samsonovich andMcNaughton1997)
mak
 e a key simplifying assumptionthat theconnectionsbetweentheneuronsaresymmetric
(we
�

call theseS systems,for short), i.e. the synapsesbetweenany two interactingneurons
ha
�

ve identicalsignsandstrengths.Analysis is relatively straightforward in this case,since
there
�

is a Lyapunov (or energy) function(CohenandGrossberg 1983,Hopfield1982,1984)
that
�

guaranteestheconvergenceof thestateof thenetwork to anequilibriumpoint. However,
the
�

assumptionof symmetryis broadlyfalsein the brain. Networks in the brain arealmost
never symmetrical,if for nootherreasonthantheseparationbetweenexcitationandinhibition,
notorious� in theformof Dale’slaw. In fact,it hasnever beencompletelyclearwhetherignoring
the
�

polaritiesof cells is simplificationor over-simplification. Networks with excitatory and
inhibitory
�

cells(EI systems,for short)have certainlylong beenstudied(e.g.Ermentroutand
Co
�

wan 1979b),for instancefrom theperspective of patterngenerationin invertebrates(e.g.
Stein
�

et
 al 1997)andoscillationsin thethalamus(e.g.Destexheet
 al 1993,Golombet
 al 1996)
and� theolfactorysystem(e.g.Li andHopfield1989,Li 1995). Further, sincethediscovery
of� 40 Hz oscillations(or at leastsynchronization)amongstcells in primary visual cortex of
anaesthetized� cats(Grayet
 al 1989,Eckhornet
 al 1988),oscillatorymodelsof V1 involving
separate� excitatoryandinhibitory cellshavealsobeenpopular, mainlyfrom theperspectiveof
ho
�

w theoscillationscanbecreatedandsustainedandhow they canbeusedfor featurelinking
or� binding (e.g.von der Malsburg 1981,1988,Sompolinsky et
 al 1990,Spornset
 al 1991,
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Figure 1. Threeeffectsthatareobservedanddesiredfor themappingbetweenvisual input and
outputandwhich constrainrecurrentnetwork interactions.Thestrengthsof all theinput barsare
the
�

same;thestrengthsof theoutputbarsareproportionalto thedisplayedwidthsof thebars,but
normalizedseparatelyfor eachfigure(whichhidesthecomparativesuppressionof thetexture).

Konig andSchillen1991,SchillenandKonig 1991,Konig et
 al 1992,MurataandShimizu
1993). However, the full scopefor computingwith dynamicallystablebehaviours suchas
limit cyclesis not yet clear, andLyapunov functions,which could renderanalysistractable,
do
�

notexist for EI systemsexceptin a few specialcases(Li 1995,Seunget
 al 1998).
A maininspirationfor ourwork is Li’ snonlinearEI systemthatmodelshow theprimary

visual� cortex performsinput contourenhancementandpre-attentive region segmentation(Li
1997,1998).Figure1 showstwo key phenomenathatareexhibitedby orientation-tunedcells
in
�

areaV1 of visualcortex (KnierimandvanEssen1992,Kapadiaet
 al 1995)in responseto the
presentation� of smalledgesegmentsthatcanbeisolated,orpartsof smoothcontoursor texture
regions.First, theactivitiesof cellswhoseinputsform partsof smoothcontoursthatcouldbe
connected� areboosted

�
o� ver thoserepresentingisolatededgesegments.Second,theactivities

of� cells in the centresof extendedtexture regions are comparatively suppr� essed. A third,
which� is computationallydesirable,is thatunlike thecaseof hallucinations(Ermentroutand
Co
�

wan 1979a),non-homogeneousspatialpatternsof responseshouldnot spontaneously� form
in
�

thecentralregionsof uniform texture. Thesethreephenomenatendto work againsteach
other� . A uniformtextureis justanarrayof smoothcontours,andsoenhancingcontourswhilst
suppressing� texturesrequiresboth excitation betweenthe contoursegmentsand inhibition
between
!

segmentsof differentcontours.Thiscompetitionbetweencontourenhancementand
te
�

xture suppressiontendsto lead to spontaneouspatternformation(Cowan 1982)—i.e.the
more
 that smoothcontoursareamplified,the morelikely it is that, given a texture, random
fluctuationsin activity favouringsomecontoursover otherswill grow unstably. Indeed,studies
by
!

Braunet
 al (1994)
�

hadsuggestedthatanS-systemmodelof thecortex cannotstablyperform
contour� enhancementunlessmechanismsfor which thereis no neurobiologicalsupportare
used." Li (1997, 1998) showed empirically that an EI systembuilt using just the Wilson–
Co
�

wan equations(1972,1973)cancomfortablyexhibit the threephenomena,andsheused
this
�

model to addressan extensive body of neurobiologicalandpsychophysicaldata. This
poses� a question,which we now answer, as to what aresomeof the critical computational
dif
�

ferencesbetweenEI andS systems.
The
#

computationalunderpinningfor contourenhancementand texture suppressionis
the
�

operationof selective� amplification—magnifying the responseof the systemto input
patterns� thatform smoothcontoursandweakeningresponsesto thosethatform homogeneous
te
�

xtures. Selective amplificationalso underliesthe way that many recurrentnetworks for
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orientation� tuningwork—selectively amplifyingany componentof theinputthatis well tuned
in orientationspaceandrejectingotheraspectsof theinput asnoise(Suarezet
 al 1995,Ben-
Y
	

ishai et
 al 1995,Pougetet
 al 1998). Therefore,in this paperwe studythe computational
properties� of a family of EI systemsandtheir S-systemcounterpartsasselective amplifiers.
W
%

e show that EI systemscan take advantageof non-trivial dynamicalbehaviour through
delayed
�

inhibitory feedback(i.e.giving limit cycles)in orderto achievemuchhigherselective
amplification� factorsthanSsystems.Crudely, thereasonis thatover thecourseof alimit cycle,
units" are sometimesabove and sometimesbelow the activity (or firing) threshold. Abo

&
ve

threshold,
�

the favouredinput patternscanbe substantiallyamplified,even to the extent of
leading
'

to a tendency towardsspontaneouspatternformation. However, below
�

threshold,
�

in
responseto homogeneousinputs,thesetendenciesarecorrected.

In
(

section2,wedescribetheessentialsof theEI systemsandtheirsymmetriccounterparts.
In section3 we analysethebehaviour of what is aboutthesimplestpossiblenetwork, which
hasjusttwopairsof units. In section4weconsiderthemorechallengingproblemof anetwork
of� units thatcollectively representananglevariablesuchastheorientationof a barof light.
In section5 weconsiderLi’ s (1997,1998)originalcontourandregionnetwork thatmotivated
our� study.

2.
)

Excitatory–inhibitory and symmetric networks

Consider
�

a simple,but biologically significant,EI systemin which excitatoryandinhibitory
cells� comein pairsand,as is true neurobiologically, thereareno ‘long-range’connections
from theinhibitory cells(Li 1997,1998)

˙*,+.-0/2143 + 57698 5;:=<?>,5A@CB2DFE?G,HJI + KAL (1)
�

M;N ˙O,PRQ0S2T4U + V7WYX VAZ=[?\,V;]_^ (2)
�

Here, `,a are� the principal excitatory cells, which receive external or sensoryinput bAc ,d
and� generatethe network outputsthroughactivation functions e=f?g,hJi ; j,k are� the inhibitory
interneurons(taken, for simplicity, as having no external input) which inhibit the principal
neurons� throughtheiractivationfunction lFm?n,oJp ; q9r is

�
thetime-constantfor theinhibitory cells;

and� s9t u and� vxw y are� theoutputconnectionsof theexcitatorycells. For analyticalconvenience,
we� choosez={?|~} as� a thresholdlinearfunction

�=�?���=� [ ����� ]
�
+ �

����� if
�������

0
�

otherwise

and� �=�?�~������� �¢¡ . However, theresultsaregenerallysimilar if £=¤?¥�¦ is alsothresholdlinear.
Note
§

that ¨=©?ª�« is
�

theonly¬ nonlinearity� in thesystem.All cellscanadditionallyreceive input
noise.Notethatneitherof theLyapunov theoriesof Li (1995)nor Seunget
 al (1998)

�
applies

to
�

this case.
In
(

thelimit thattheinhibitory cellsaremadeinfinitely fast(­;®~¯ 0
�
), they canbetreatedas

if they areconstantlyatequilibrium

°,±R² ³7´Yµ ³;¶=·?¸,³A¹ (3)
�
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lea
'

ving theexcitatorycellsto interactdirectlywith eachother

˙º,»R¼¾½À¿,Á +Â Ã7Ä;Å Ã;ÆFÇ?È,Ã;ÉËÊ2Ì Í ÎYÏ Í;Ð=Ñ?Ò,ÍAÓ +ÂÕÔ×Ö
Ø¾ÙÀÚ,Û +Â ÜÞÝàß9á Üãâ�äYå æAçàè=é?ê,æ;ç +ÂÕëAì +Â�í¢îðï (4)

�
In
(

this reducedsystem,the effective neuralconnectionsñ9ò óYôöõY÷ ø between
!

any two cells ù
can� beeitherexcitatoryor inhibitory, as in many abstractneuralnetwork models.Wecall this
reducedú systemin equation(4) thecounterpartû of� theoriginalEI system.Thetwosystemshave
the
�

samefixedpoints;thatis, ˙ü2ý ˙þ ÿ 0
�

for theEI systemand ˙��� 0
�

for thereducedsystem
(with
� ���	�

0
�
) happenatthesamevaluesof 
� (and

� �
 ).
�

Sincetherearemany waysof setting ��� �
and� ��� � in

�
theEI systemwhilst keepingconstanttheeffective weight in its reducedsystem,��� ������� �

,d andthedynamicsin theEI systemtake placein a spaceof higherdimensionality,
one� mayintuitively expecttheEI systemto have a broadercomputationalrange.In casesfor
which� theconnectionweightsaresymmetric( �� !#"%$�&(' ,d*)�+ ,.-0/�132 ),� thereducedsystemis an
S
�

system.In suchcases,however, theEI network is asymmetricbecauseof theasymmetrical
interactionsbetweenthetwounitsin eachpair. Westudythedifferencesbetweenthebehaviour
of� thefull systemin equations(1) and(2) (with 4�576 1) andthebehaviour of theS systemin
equation8 (4) (with 9�:.; 0)

�
.

The
#

responseof eithersystemtogiveninputsisgovernedbythelocationandlinearstability
of� their fixedpoints. Notethattheinput–outputsensitivity of bothsystemsat a fixed point <=
is given by

d
� >@? ACB

JDD +Â WDE F 1
d
�HG

where� I is the identity matrix, J and� W are� theconnectionmatrices,andthediagonalmatrix
[D
JLK

]
�NMOM	PRQTSVU�WXZY\[ †.

]
Although the locationsof the fixed pointsarethe samefor the EI andS

systems,� thedynamicalbehaviour of thesystemsaboutthosefixedpointsarequitedifferent,
and� this is whatleadsto their differingcomputationalpower.

T
#
o analysethe stability of the fixed points, consider, for simplicity, the casethat the

matricesJD
^`_

and� WD a commute.� This meansthat they have a commonsetof eigenvectors,
say� with eigenvaluesb J

c d
and� e Wf ,d respectively, for gih 1 jZk�k�k�jml where� n is

�
thedimensionofo . Thelocaldeviations p#q�rtsvutwx nearthefixedpointsalongeachof the y eigen8 vectorsof

JD
^`z

and� WD{ will� grow in time |.}L~����3���%�#�L��� 0��� e8������ if
�

therealpartsof thefollowing values
are� positive:

�Z����� EI
��`�%� 1 + 1

2 � J
c ���

1
4 ��  J
c ¡£¢

2
¤�¥@¦

W
§ ¨ 1© 2

for
ª

theEI system«Z¬�­�® S
¯°²±%³ 1 ´@µ W¶ +Â¸· J

c ¹
for
ª

theS systemº
For thecaseof real » J

c ¼
and� ½ W

§ ¾
,d thefixedpoint is less

¿
stablein theEI systemthanin the

reducedú system.That is, anunstablefixedpoint in thereducedsystem,À S
¯ÁtÂ 0

�
, leadsto an

unstable" fixedpoint in theEI system,Ã EI
�ÄÆÅ 0

�
, since1

4
ÇÉÈ�Ê J
c Ë£Ì

2 Í�Î W
§ ÏÑÐÓÒ3Ô

1 + 1
2
¤HÕ J
c Öm×

2. However,
if Ø EIÙ is complex (Ú WÛtÜ 1

4
ÇÉÝ�Þ J
c ß£à

2
¤
),
�

i.e. if theEI systemexhibits (possiblyunstable)oscillatory
dynamics
�

aroundthefixedpoint,thenthereducedsystemisstable:á S
¯âäãæå 1+ç J

c èêé
1
4 ë�ì J
c ímî

2
¤iï

0.
�

In
(

thegeneralcase,for whichJDð and� WD
ñóò

do
�

notcommuteorwhenô J
c õ

and� ö W
§ ÷

are� notreal,the
conclusion� that thefixedpoint in theEI systemis less

¿
stablethan

�
that in thereducedsystem

is
�

merely a conjecture. However, this conjectureis consistentwith resultsfrom singular
perturbation� theory (e.g.Khalil 1996) that when the reducedsystemis stable,the original
system� in equations(1) and(2) is alsostableas ø�ù	ú 0

�
but maybeunstablefor larger û�ü .

† We ignoresubtletiessuchasthenon-differentiabilityof ýÿþ�� � at ����� that
�

donotmateriallyaffect theresults.
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3.
�

The two-point system

A particularlysimplecaseto considerhasjust two neurons(for the S system;two pairsof
neuronsfor theEI system)andweights

J 	



0
�
�
� �

0
� W

ñ�� � 0
�
�
� �

0
���

Theideais thateachnodecoarselymodelsa groupof neurons,andtheinteractionsbetween
neurons� within a group ( � 0� and� �

0
� )� are qualitatively different from interactionsbetween

neuronsbetweengroups( � and� � ).
�

Theform of selectiveamplificationhereis thatsymmetric
or� ambiguousinputs � a�������

1 � 1 should� be suppressedcomparedwith asymmetricinputs! b
"$#&%�'

1 ( 0�*) (and,
�

equivalently, +�, 0�.- 1/ ).� In particular, given 0 a� ,d the systemshouldnot
spontaneously� generatearesponsewith 1 1 significantly� differentfrom 2 2

3 . In termsof figure1,4 a� is analagousto theuniform textureand 5 b
"

to
�

theisolatedcontour. Definethefixedpoints
to
�

be 67 a�
1 8:9; a�

2
3=<?> under" @ a� and� AB b

"
1 C?DECGFH b

"
2
3 under" I b

"
,d where J is

�
the thresholdof the

e8 xcitatoryneurons.Theserelationshipswill betrueacrossawide rangeof input levels K .
W
%

equantifytheselectiveamplificationof thenetworksby theratio

LNM d
��OP b
"
1 Q d�SR

d
��TU a�

1 V d�SW (5)
�

where� theterms XY are� averagesor maximaover theoutputsof thenetwork. Thiscomparesthe
gainsZ of thesystemto theinputfor [ a� and� \ b

"
. Largevaluesimply highselectiveamplification.

To becomputationallyuseful,theSsystemsmustconvergeto finite fixedpoints,in whichcase]^�_�`a and�
b S
ced 1 + fgf�h 0

� + ikjmlonqp 0� + rtsgs
1 + u� v 0

�xwzy
0
�|{ } 1 +

~� ���z�t�
1 + �� � 0

�e���
0
����� (6)

�
If
(

anEI systemundergoeslimit cycles,thenthelocationof its fixedpointsmayonly bepoorly
relatedto its actualoutput. We will thereforeusethemaximumor meanof theoutputof the
netw� ork over a limit cycleas �� . Wewill show thatEI systemscanstablysustainlargervalues
of��� than

�
S systems.

Consider
�

theSsystem.Since �� b
"
2 is below threshold( �� b

"
2 ��� )

�
in responseto theselective

input
� � b

"
,d thestabilityof thefixedpoint,determinedby �� b

"
1 alone,� is governedby thesignof

� S
ce�����

1 + � 0
�x z¡

0
�|¢¤£ (7)

�
Thestabilityof theresponseto theunselective input ¥ a� is governedby

¦ S
c§©¨�ª�« 1 + ¬� ­ 0

��®o¯�°�±³²�´
0
�¶µ³·t¸g¸ (8)

�
for thetwo modes¹ of� deviation º¼»¾½©¿�À�Á 1 Â�ÃÄ a�

1 ÅÇÆÉÈqÊ 2 Ë�ÌÍ a�
2 Î around� fixedpoint Ï .

W
%

e derive constraintson themaximumvalueof theselectivity ratio Ð S
c

of� theS system
from constraintson Ñ S

c
and� Ò S

cÓ . First, sincewe only considercaseswhenthe input–output
relationshipú dÔÖÕ d�S× of� thefixedpoints(d ØÙ a�

1 Ú d�SÛÝÜ?Þàß
1áãâ S

c
+äæå and� d çè b

"
1 é d�SêÝë?ìàí

1îãï S
cñð

)
�

is well
defined,
�

we have to have that ò S
cÝó

0
�

and ô S
c
+ õ 0

�
. Second,in responseto ö a� ,d we requirethat

the
� ÷ùøûú

modedoesnot groZ w, asotherwisesymmetrybetweenü 1 and� ý
2 w� ouldspontaneously

break.
!

Given the existenceof stable þÿ b
"

under" � b
"
,d dynamicsystemtheorydictatesthat the�����

modebecomesunstablewhentwo additional,stable,anduneven fixed points �� a�
1
�	�
� a�

2
for
ª

(theeven) input 
 a� appear� . Hencethemotion trajectoryof thesystemwill approachone
of� thesestableuneven fixed pointsfrom theunstableevenfixedpoint. Avoiding this requires
that
� � S

c��� 0
�
. Fromequation(8), thismeansthat ������� 1 + � 0

�����
0
� ,d andthereforethat� S

c��
2  
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The symmetry preserving network
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Figur
7

e 2. Phase
8

portraitsfor theS systemin thetwo-pointcase.(A, B) Evolution in responseto9 a:<;>= 1? 1@ and A b
BDCFE

1G 0H for parametersfor which the responseto I a: is stablysymmetric. (C,
D) Evolution in responseto J a: and K b

B
for parametersfor which thesymmetricresponseto L a: is

unstable,M inducingtwo extraequilibriumpoints.Thedottedlinesshow thethresholdsN for OQPSRUT .

Figure2 shows phaseportraitsandtheequilibriumpointsof theS systemunderinput V a� and�W b
"

for
ª

thetwo differentparameterregions.
As we have described,theEI systemhasexactly thesamefixedpointsastheS system,

b
!
ut thereareparametersfor which thefixedpointscanbestablefor theSsystembut unstable

for
ª

theEI system.ThestabilityaroundthesymmetricfixedpointunderX a� is
�

governedby

Y EI
Z[]\_^ 1 + 1

2 `ba 0�dcfehgji 1
4 kSl 0�%mfnDo 2 pfqbr 0

�%sut>v
while� thatof theasymmetricfixedpointunderw a� (if

�
it exists)or x b

"
is
�

controlledby

y EI z_{ 1 + 1
2
3}| 0�%~ 1

4
�<� 2

0
����� 0

�D�
Consequently
�

, whentherearethreefixedpointsunder� a� ,d all of themcanbeunstablein the
EI
�

system,and the motion trajectorycannotconverge to any of them. In this case,when
both
!

the ��� + and� ����� modes
 aroundthe symmetricfixed point �� a�
1 ���� a�

2 are� unstable,the
globalZ dynamicscanconstrainthemotion trajectoryto a limit cycle aroundthefixedpoints.
If
(�� a�

1 ��� a�
2
3 on� this limit cycle, thentheEI systemwill not breaksymmetry, while potentially

giZ ving ahighselectiveamplificationratio � EI � 2. Figure3 demonstratestheperformanceof
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Figure 3. Projectionsof theresponseof theEI system.(A, B) Evolution of responseto ´ a: . Plots
of (A) µ 1 versus¶ 1 and(B) ·U¸S¹ 1 º¼»>½Q¾S¿ 2

ÀÂÁ (solid)and ÃQÄSÅ 1 Æ + ÇUÈbÉ 2
ÀÂÊ (dotted)versustimeshow that

the
�ÌË

1 ÍÏÎ 2 modedominatesandthegrowth of Ð 1 ÑÓÒ 2 whenbothunitsareabove threshold(the
downward‘blips’ in thelowercurve in (B) arestronglysuppressedwhen Ô 1 andÕ 2 arebothbelow
threshold.
�

(C, D) Evolutionof theresponseto Ö b
B
. Here,theresponseof × 1 alwaysdominatesthat

of Ø 2 over oscillations. ThedifferencebetweenÙQÚSÛ 1 Ü + ÝUÞSß 2 à and áQâSã 1 ä�å�æQçSè 2 é is too small to
be
ê

evidenton thefigure. Notethedifferencein scalesbetween(A, B) and(C, D). Here ë 0ìîí 2ï 1,ð ñ
0ò 4,
ó�ô

0
ìöõ 1÷ 11and ø�ù 0ú 9.

the
�

EI systemin this regime. Figure3(A,B) showsvariousaspectsof theresponseto input û a�
which� shouldbecomparatively suppressed.Thesystemoscillatesin suchawaythat ü 1 and� ý

2
3

tend
�

to beextremelysimilar (includingbeingsynchronized).Figure3(C,D) shows thesame
aspects� of theresponseto þ b

"
,d which shouldbeamplified. Again thenetwork oscillates,and,

although� ÿ����
2 � is not driven completelyto zero(it peaksat 15), it is very stronglydominated

by
!������

1 	 ,d andfurther, theoverall responseis muchstrongerthanin figure3(A,B). Notealso
the
�

differencein theoscillationperiod—thefrequency is muchlower in responseto 
 b
"

than
�� a� .

The
#

phase–spaceplot in figure 4 (which expandson that in figure 2(C)) illustratesthe
pertinent� differencebetweentheEI andS systemsin responseto thesymmetricinput pattern� a� . WhenJ

^
and� W

ñ
are� strongenoughto provide substantialamplificationof 
 b

"
,d theS system

can� only roll down thelocalenergy landscape

����������� 1
2
3 � ����� � ���! #" $&%('*)+"�'*)+$ +Â 1

2
3 ,.-*/ 20 +Â2143657 a�98
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Figure 4. Phase-spaceplot of the motion trajectoryof the S systemunderinput > a:�?!@ 1A 1B .
Amplifying
C

sufficiently the asymmetricinputs D b
BFEHG

1I 0J�KML 0N 1O leadsto the creationof two
energy wells (marked by ) which are the two asymmetricfixed points underinput P a: . This
makesthesymmetricfixedpoint (markedby Q ) unstable,andactuallyasaddlepoint in theenergy
landscapethatdivertsall motiontrajectoriestowardstheenergywells. Thereisnoenergy landscape
in theEI system.Its fixedpoints(alsomarkedby ) canbeunstableandunapproachable.This
makes the motion trajectoryoscillate(into the R dimensions)aroundthe fixed point S , whilst
preservingT U

1 V�W 2
À andthusnotbreakingsymmetry.

(when
� XZY\[^]

is
�

linear) for _a`cbd a� +Âfehg ,d from thepoint ij a� (
�lk

),
�

which is a saddlepoint, since
the
�

Hessianm 2 npo6qsr*t+u\qsr*t+v haseigenvalueswyx S
c
+ z 0

�
and {h| S

c}�~ 0
�
, to oneof thetwo stable

fix
�

ed points,and therebybreakthe input symmetry. However, the EI systemcanresortto
globalZ limit cycles(on which � 1 �����*��� 2 ����� )� betweenunstablefixedpoints,andsomaintain
symmetry� . Theconditionsunderwhich thishappensin theEI systemare:

(a)
�

At the symmetricfixed point underinput � a� ,d while the �*�+� mode
 is guaranteedto be
unstable" because,by design,it is unstablein the S system,the �*� + modeshouldbe
unstable" andoscillatorysuchthatthe �*�+� mode
 doesnotdominatethemotiontrajectory
and� breaktheoverall symmetryof thesystem.

(b)
�

Undertheambiguousinput � a� ,d theasymmetricfixedpoints(whoseexistenceisguaranteed
fromtheSsystem)shouldbeunstable,toensurethatthemotiontrajectorywill notconverge
to
�

them.
(c)
�

Perturbationsin thedirectionof �*� 1 ���#�*� 2 about� the limit cycle definedby � 1 � � 2

should� shrink under the global dynamics,as otherwisethe overall behaviour will be
asymmetric.�

Thelastconditionis particularlyinterestingsinceit canbethatthe ¡*¢+£ modeis locally mor¹ e
unstable" (at the symmetricfixed point) than the ¤*¥ +ä mode,
 sincethe ¦*§+¨ mode
 is more
strongly� suppressedwhenthe motion trajectoryentersthe subthresholdregion © 1 ª¬« and�­

2
3�®°¯ (because

�
of thelocationof its fixedpoint). As we canseein figure3(A,B), this acts

to
�

suppressany overall growth in the ±*²+³ mode.Sincetheasymmetricfixedpoint undeŕ b
"

is
�

just asunstableasthatunderµ a� ,d theEI systemrespondsto asymmetricinput ¶ b
"

also� by a
stable� limit cyclearoundtheasymmetricfixedpoint.

Using
·

the mean responsesof the systemduring a cycle to define ¸¹ ,d the selective
amplification� ratio in figure 3 is º EI » 97,

¼
which is significantlyhigher than the ½ S

c¿¾
2
À

a� vailablefrom theSsystem.Onecananalysethethreeconditionstheoretically(thoughthere
appears� to benoclosed-formsolutionto thethird constraint),andthenchooseparametersfor
which� the selectivity ratio is greatest.For instance,figure 5 shows the rangeof achievable
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Figure5. Selectivity ratio Â asafunctionof Ã 0
ì andÄ for Å 0ìÇÆ 2È 1 andÉ�Ê 0Ë 4 for theEI system.

The
Ì

ratio is basedon the maximalresponsesof the network during a limit cycle; resultsfor the
meanresponsearesimilar. Theratio is shown as0 for valuesof Í 0

ì and Î for which oneor more
of theconditionsis violated. Thelargestvalueshown is Ï EI Ð 103,which is significantlygreater
than
Ñ

themaximumvalue Ò S
Ó+Ô

2 for theS system.

ratiosÕ asa function of Ö 0
� and× Ø for

Ù Ú
0
�ÜÛ 2

ÝßÞ
1 àâáäã 0

åÇæ
4.
ç

The steeppeakcomesfrom the
region aroundè 0

�êéìë
0
�2í 1. To reiterate,the S systemis not appropriatelystablefor these

parameters.î Clearly, very high selectivity ratiosareachievable. Note that this analysissays
nothingaboutthetransientbehaviour of thesystemasafunctionof theinitial conditions.This
and× theoscillationfrequency arealsounderreadycontrolof theparameters.

Thissimpleexampleshows thattheEI systemis superiorto theSsystem,at leastfor the
computationï of theselectiveamplificationof particularinputpatternswithouthallucinationsor
otherð grossdistortionsof theinput. If, however, spontaneoussymmetrybreakingis desirable
for someparticularcomputation,theEI systemcaneasilyachievethis too. TheEI systemhas
eñ xtra degreesof freedomover thecounterpartS systemin thatJ

^
and× W

ñ
canï bothbespecified

(subject
ò

to a givendifferenceJ
^êó

W)
ô

ratherthanonly thedifferenceitself. In fact, it canbe
shoõ wn in this two-pointcasethat theEI systemcanreproducequalitatively all behavioursof
the
ö

S system,i.e. with thesamefixedpointsandthesamelinearstability (in all÷ modes).The
oneð exceptionto thisis thatif thedemandsof thecomputationrequirethattheambiguousinputø a� be
ù

comparatively amplifiedandtheinput ú b
"

be
ù

comparatively suppressedusinganoverly
strongõ self-inhibition term û 0

� ,ü thenthe EI systemhasto be designedto respondto ý a� withþ
oscillationsð alongwhich ÿ 1 ��������� 2 	�
�� .

4.
�

The orientation system

One



recent application of symmetric recurrentnetworks has been to the generationof
orientationð tuning in primary visual cortex. Here,neuralunits � have preferredorientations���������������

2
Ý����� "!

for
Ù$#&%

1 ')(�(�(�'+* (the
ò

anglesrangein [ ,.-�/ 2Ý10+2�3 2Ý�4 sinceõ directionis
ignored). Underidealandnoiselessconditions,anunderlyingorientation576 generates8 input
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to
ö

individualunitsof ;+<1=�>@?�A�BDCFEHG+I ,ü whereJ@K�L M is
N

theinputtuningfunction,whichis usually
unimodalO andcentredaroundzero. In reality, of course,the input is corruptedby noiseof
vP arioussorts.Thenetwork shouldtakenoisy(andperhapsweaklytuned)inputandselectively
amplify× the componentQSR�T�UWVYXHZ+[ that

ö
represents\7] in the input. Basedon the analysis

abo× ve, we canexpectthat if anS network amplifiesa tunedinput enough,thenit will break
input
N

symmetrygiven an untunedinputandthushallucinateatunedresponse.However, anEI
systemõ canmaintainuntunedandsuppressedresponsesto untunedinputsto reachfar higher
amplification× ratios.Westudyanabstractversionof thisproblem,anddonotattemptto match
the
ö

exacttuningwidthsor neuronaloscillationfrequenciesrecordedin experiments.
Consider
^

firstasimpleEI systemfor orientationtuning,patternedafterthecosineS-system
network of Ben-Yishaiet_ al (1995).

ò
In thesimplestcase,theconnectionmatricesJ and× W are×

the
ö

Töplitz:ð
`ba c.d 1e�f�g +hSi cosïkj 2Ýml�n�omprq�sbt�t�t
u@v s�w 1x�y{z

(9)
ò

This
|

is a handyform for the weights,sincethe net input sumsin equations(1) and(2) are
functionsof just the zeroth-andsecond-orderFourier transformsof the thresholdedinput.
Making }@~ � a× constantis solelyfor analyticalconvenience—wehave alsosimulatedsystems
withþ cosine-tunedconnectionsfrom theexcitatorycellsto theinhibitory cells. For simplicity,
assume× aninputof theform

�+�1���
+ � cosïk� 2����� (10)

ò
generated8 by anunderlyingorientation�H��� 0

å
. In this case,thefixedpoint of thenetwork is

known to take theform
��)����� +h{� cosïk� 2ÝD����� (11)

ò
whereþ � and× � are× determinedby � and× � . Also, for �r� 1,

�¡ b¢£)¤�¥�¦ [ §©¨ 1 + ª cosïk« 2Ý�¬�­�® ]¯ +°±�² [cosïk³ 2ÝD´�µ�¶¸· cosïk¹ 2ÝDº c»½¼ ]¯ +° (12)
ò

whereþ ¾
c» is acut-off. Notethattheform in equation(12) is only valid for ¿ c»ÁÀ�Â�Ã 2.

In
Ä

the sameway that we designedthe two-point systemto amplify contentfulpatterns
suchõ as Å b

Æ@ÇÉÈ
1 Ê 0å�Ë selectiõ vely comparedwith thefeaturelesspatternÌ aÍÏÎÉÐ

1 Ñ 1Ò ,ü we would
like theorientationnetwork to amplify patternsfor which ÓFÔ 0

å
in equation(10) selectively

oð ver thosefor which Õ�Ö 0
å
. In fact, in this case,we canalsoexpectthenetwork to filter out

an× y higherspatialfrequenciesin the input thatcomefrom noise(seefigure6(A)), although,
as× Pougetet_ al (1998)

ò
discuss,the statisticaloptimality of this dependson the actualnoise

processî perturbingtheinputs.
Ben-Y
×

ishai et_ al (1995)
ò

analysedin somedetail the behaviour of the S-systemversion
ofð this network, which hasweights ØbÙ Ú{ÛÝÜ&Þ ßáà 1â ã�äæårçÏè + é cosïëê 2 ì�í�îðï©ñ�òbó�ó . These
authors× wereparticularlyinterestedin aregimethey calledthemarô ginal phase, in

N
whicheven

in theabsenceof tunedinput õ÷ö 0
å
, thenetwork spontaneouslyformsa patternof the formø)ùûúýü +hÿþ cosï�� 2Ý������	��
	�
� ,ü for arbitrary � . In termsof our analysisof thetwo-pointsystem,

this
ö

is exactly the casethat the symmetricfixed point is unstablefor the S system,leading
to
ö

symmetrybreaking. However, this behaviour hasthe unfortunateconsequencethat the
netw� ork is forcedto hallucinatethat the input containssomeparticularangle( � )

ô
even when

noneis presented.It is thisbehaviour thatweseekto avoid.
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It
Ä

canbeshown that,above threshold,thegain ��������� ofð thefixedpoint is���
����� 1

1 �! #" 2Ý%$ c»'& 1
2 sinõ)( 4ç+* c»-,
,
. 2Ý+/

whichþ increases†with 0 c» . For theS system,we requirethattheresponseto a flat input 1#2 0
å

is
N

stablyflat. Making the solution 354�687:9<;>= 1 stableagainstfluctuationsof the form of
cosï@? 2A�B requiresCED 2. This impliesthat F�G�H�F�IKJ 2 for L c»'MONQP 4. Thegain RTS�U�R�V for the
flat
W

modeis XTY
X�Z>[ 1

1 \^]�_a`cbed
and× so,if weimposetheextraconditionthat f�ghgjilk:mhmon 0

å
, in accordancewith neurobiological

eñ xpectationsthattheweightshavetheshapeof aMexicanhatwith netexcitationat thecentre,
then
ö

werequirethat paqcrtsvuxw and× sothat

1

1 y^z�{a|c}�~ �
1

3
���

Hence,theamplificationratio � S
���������	�����%�
�����������������

6
9

for a tuningwidth � c�����Q� 4, or� S
���

3
���

75
 

for asmaller(andmorebiologically faithful) width ¡ c�£¢ 30
�¥¤

.
TheEI systemwill behaveappropriatelyfor largeamplificationratio ¦ if thesamesetof

constraintsï asfor thetwo-pointcasearesatisfied.This meansthatin responseto theuntuned
input,
N

at least:

(a)
ò

Theuntunedfixedpoint §�¨v© shouldõ beunstable.Thebehaviourof thesystemaboutthis
fixedpoint shouldbeoscillatoryin themodeª¬«�­¯®¬° . Theseconditionswill besatisfied
if
N²± 2 ³ 4

ç+´
and× µ¯¶ 2.

Ý
(b)
ò

Thering of fixedpointsthatarenottranslationallyinvariant(·¬¸�¹»º + ¼ cosï@½ 2 ¾�¿�À¬ÁÃÂ	Ä
Ä for
arbitrary× Å )

ô
shouldexist undertranslation-invariantinputandbeunstableandoscillatory.

(c)
ò

Perturbationsin thedirectionof cosÆ 2 Ç�ÈÊÉÌËÎÍ
Í (
ò

for arbitraryÏ )
ô

aboutthefinal limit cycle
defined
Ð

by ÑjÒÔÓÖÕ¬× shouldõ shrink. The conditionsunderwhich this happensarevery
similarõ to thosefor thetwo-pointsystem,whichwereusedto helpderivefigure5.

Although we have not beenable to find closed-formexpressionsfor the satisfactionof all
these
ö

conditions,we canusethemto delimit setsof appropriateparameters.In particular, we
mayØ expectthat, in general,largevaluesof Ù shouldõ leadto largeselective amplificationof
the
ö

tunedmode,andthereforewe seekgreatervaluesof Ú subjectõ to the satisfactionof the
otherð constraints.Figure6 shows theresponseof onenetwork designedto have a very high
selectiõ ve amplificationfactorof Û 1500. Figure6(A) shows noisy versionsof both flat and
tuned
ö

input. Figure6(B) showstheresponseto tunedandflat inputsin termsof themeanover
the
ö

oscillations.Figure6(C)shows thestructureof theoscillationsin thethresholdedactivity
ofð two units in responseto a tunedinput. Thefrequency of theoscillationsis greaterfor the
untunedO thanfor thetunedinput (not shown).

The
|

suppressionof noisefor nearlyflat inputsisaparticularnonlineareffectin theresponse
ofð thesystem.Figure7(A,B) showsonemeasureof theresponseof thenetwork asa function
ofð themagnitudeof Ü for differentvaluesof Ý . Thesigmoidalshapeof thesecurvesshowsthe
wþ ay thatnoiseis rejected.Indeed,Þ has

ß
to besufficiently large to excite the tunedmodeof

the
ö

network. Figure7(B) shows thesamedata,but appropriatelynormalized,indicatingthat,
if
NÌà�á�â	ãåä+æ

is
N

thepeakresponsewhentheinput is ç +è�é cosï@ê 2Ý+ë�ì ,ü thení�î�ï	ðåñ%òQó»ô�õ�ö 1 ÷åø+ù�ú�û . The
scalarõ dependenceon ü wþ as observedfor theS systemby SalinasandAbbott (1996). Whený%þ�ÿ

is
N

solargethattheresponseis away from theflat portionof thesigmoid,theresponseof

† Notethat � c� alsochangeswith theinput � , but only by asmallamountwhenthereis substantialamplification.
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e 6. Cosine-tuned64-unitEI system.(A) Tuned(dottedandsolid lines)anduntunedinput
(dashedline). All inputshave thesameDC level �
	 10 andthesamerandomnoise;the tuned
inputsinclude �
� 2� 5 (dotted)and �
� 5 (solid). (B) Meanresponseof thesystemto theinputs
in
�

(A), thesolid,dotted,anddashedcurvesbeingtheresponsesof all unitsto thecorrespondingly
designatedinput curves in (A). The network amplifiesthe tunedinput enormously, albeit with
rathercoarsetuning. Note that theresponseto thenoisyanduntunedinput is almostzeroat this
scale(dashedcurve). If � is

�
increasedto 50, thentheresponseremainsindistinguishablefrom the

dashedline in thefigurealthoughits peakvaluedoesactuallyincreaseveryslightly. (C) Temporal
responseof two units to the solid input from (A). The solid line shows the responseof the unit
tuned
Ñ

for 0� andthedashedline thatfor 36� 5� . Theoscillationsareclear. Here ��� 6� 5, ��� 8� 5
and ��� 14 5.

the
ö

network at thepeakhasthesamewidth (! c� )ô for all valuesof " and× # ,ü beingdeterminedjust
by
ù

theweights.
Althoughcosinetuningis convenientfor analyticalpurposes,it hasbeenarguedthatit is

too
ö

broadto modelcorticalresponsivity (see,in particular, thestatisticalargumentsin Pouget
et_ al 1998).Onesideeffectof thisis thatthetuningwidthsin theEI systemareuncomfortably
lar
$

ge. It is not entirely clearwhy they shouldbe larger thanfor the S system.However, in
the
ö

reasonablecasethatthetuningof theinput is alsosharperthana cosine,for instance,the
Gaussian,
%

andthe tuning in the weightsis alsoGaussian,sharperorientationtuning canbe
achie× ved. Figure8(B,C)shows theoscillatoryoutputof two unitsin thenetwork in response
to
ö

a tunedinput, indicatingthesharperoutputtuningandtheoscillations.Figure8(D) shows
the
ö

activities of all theunitsat threeparticularphasesof theoscillation. Figure8(A) shows
how themeanactivity of themostactivatedunit scaleswith the levelsof tunedanduntuned
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e7. Mean
-

responseof the .0/21 03 unit4 asafunctionof 5 for threevaluesof 6 . (A) Themean
responsesfor 798 20(solid), :9; 10(dashed)and<
= 5 (dotted)areindicatedfor differentvalues
of > . Sigmoidalbehavior is prominent.(B) Rescaling? and the

Ñ
responsesby @ makesthecurves

lie on topof eachother.

input. Thenetwork amplifiesthetunedinputsdramaticallymore—notethelogarithmicscale.
The
|

Ssystembreakssymmetryto theuntunedinput (A�B 0
å
) for theseweights.If theweights

are× scaleduniformly by a factorof 0 C 22,
Ý

thentheS systemis appropriatelystable.However,
the
ö

magnificationratio is 4 D 2 ratherthansomethinggreaterthan1000.
The
|

orientationsystemcanbe understoodto a largely qualitative degreeby looking at
its two-pointcousins.Many of theessentialconstraintson thesystemaredeterminedby the
beha
ù

viour of thesystemwhenthemodewith EGFIHKJML dominates,
Ð

in which casethecomplex
nonlinearities� inducedby N c� and× itsequivalentsareirrelevant. Let

OP
QSRUT
and× VWYX[ZU\ for

Ù
(angular)

frequency ] be
ù

theFouriertransformsof ^
_S`badcfe9gihkj l and× monSpbqsrut9vxwzy { and× define

|~}S���9�
Re
� �

1 + 1
2

��
�S�U�
+ i� ��Y�S�U��� 1

4

�� 2 �S��� �

Then,let ����� 0
å

be the frequency suchthat �~�S���¡ £¢¥¤I¦S§U¨ for all ©«ª 0
å
. This is thenon-

translation-in
ö

variant modethat is most likely to causeinstabilitiesfor translation-invariant
beha
ù

viour. A two-point systemthat closelycorrespondsto the full systemcanbe found by
solvingõ thesimultaneousequations

¬
0
­ +�¯®�°²±³
´ 0å¶µ ·

0
­ +�¯¸º¹¼»½Y¾ 0å¶¿À

0
­ÂÁdÃ£ÄÆÅÇ9È[ÉUÊ¡Ë Ì

0
­ÂÍdÎºÏ¼ÐÑYÒ[ÓUÔ¡Õ×Ö

This
|

designequatesthe Ø 1 ÙiÚ 2
Û modeØ in the two-pointsystemwith the ÜÞÝ 0

å
modein the

orientationð systemandthe ß 1 àxáUâ 2 modewith the ãYäæåUç mode.For smooth è9éSêbëdìfí and×îYïSðòñ£óuô
,ü2õ�ö is

N
oftenthesmallestoroneof thesmallestnon-zerospatialfrequencies.It is easy

to
ö

seethat the two systemsareexactly equivalentin the translation-invariantmode ÷Mø�ùûúMü
underO translation-invariantinput ý¡þbÿ���� in

N
both the linearandnonlinearregimes. A coarse

sweepõ over theparameterspaceof Gaussian-tunedJ and× W
�

in
N

theEI systemshowedthatfor all
casesï tried,thefull orientationsystembrokesymmetryif, andonly if, its two-pointequivalent
also× brokesymmetry. Quantitatively, however, theamplificationratiodiffersbetweenthetwo
systems,õ sincethereis noanalogueof � c� for thetwo-pointsystem.
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Figure8. TheGaussianorientationnetwork. (A) Meanresponseof the 0 unit4 in thenetwork
asa functionof (untuned)or (tuned)with a log scale.(B) Activity of the 0 (solid) and

30 (dashed)units in thenetwork over thecourseof thepositive partof anoscillation. (C)
Activity of theseunits in (B) over all time. (D) Activity of all theunitsat the threetimesshown
as(i), (ii) and(iii) in (B), where(i) (dashed)is in therising phaseof theoscillation,(ii) (solid) is

at thepeak,and(iii) (dotted)is duringthefalling phase.Here,theinput is + e
2 2 2

,

with 13 , andtheTöplitz weightsare 3 + 21e
2 2 2

, with 20 and
23 5 , and 2 2 .

5. The contour-regionsystem

Thefinal exampleis theapplicationof theEI andSsystemsto thetaskdescribedin figure1 of
contourï enhancementandtextureregionsegmentation.In thiscase,theneuralunitsrepresent
visualP stimuli in the input at particular locationsand orientations. Hencethe unit (or

ò
the
ö

pair )
ô

correspondsto a small baror edgelocatedat (horizontal,vertical) image
location in a discrete(for simplicity, Manhattan)grid andorientedat
for
Ù

0
å

1 1 for a finite †.
�

The neuralconnectionsJ and× W
�

link
$

units and×
symmetricallyõ andlocally. Thedesiredcomputationis to amplify theactivity of unit

selectiõ vely if it is partof anisolatedsmoothcontourin theinput,andsuppressit selectively if
it is partof ahomogeneousinput region.

† We do not considerherehow orientationtuning is achieved as in theorientationsystem;hencetheneuralcircuit
within given agrid point is not thesameastheorientationsystemwestudiedabove.
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(A)
ò
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Figure9. Thefour particularvisualstimuluspatternsA, B, C andD discussedin thetext.

In
Ä

particular, considerthefour input patterns,A, B, C andD shown in figure9, whenall
input barshave 2, eitherlocatedat every grid point as× in patternA or at selective
locationsasin patternsB, C andD. Here,wrap-aroundboundaryconditionsareemployed,so
the
ö

topandbottomof theplotsareidentified,asaretheright andleft.
Gi
�

ven that all the visible barsin the four patternshave the sameinput strength ,ü the
computationï performedby thenetwork shouldbesuchthattheoutputsfor thevisiblebarunits
be
ù

weakestfor patternA (which is homogeneous),strongerfor patternB, andevenstronger
stillõ for patternC, andalsosuchthat all visible units shouldhave the sameresponselevels
withinþ eachexample.For thesesimpleinputpatterns,wecanignoreall otherorientationsfor
simplicityõ , denoteeachunit simplyby its location in

N
theimage,andconsidertheinteractions

and× restrictedto only theseunits. Of course,this is not true for morecomplex input
patterns,î but will suffice to derive someconstraints.The connectionsshouldbe translation
and× rotationinvariantandmirror symmetric;thus and× shouldõ dependonly on
and× be symmetric. Intuitively, weights shouldõ connectunits whenþ they aremoreor
less
$

verticallydisplacedfrom eachotherlocally to achievecontourenhancement,andweights
shouldõ connectthose that

ö
aremoreor lesshorizontallydisplacedlocally to achieve

acti× vity suppression.
Define

: +
0
­

: +
0
­

The
|

inputgainsto patternsA, B andC at thefixedpointswill beroughly

A 1 +
1

B 1 + 0
­

0
­ 1

C 1 + 0
­

0
­ 1

(13)
ò

The
|

relative amplification or suppressioncan be measuredby ratios C : B : A . Let

0
­ 0

­
0
­ 0

­ . Then, the degreeof contourenhancement,asmeasuredby
C B, iü s

C B 1 + 0
­

0
­

1 + 0
­

0
­

T
|
o avoid symmetrybreakingbetweenthetwo straightlinesin theinputpatternD, werequire,

just
�

asin thetwo-pointsystem,that

1 1 1 + 0
­

0
­ 1 + 0

­
0
­ (14)

ò
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In
Ä

thesimplestcase,let all connections and× connectï elementsdisplacedhorizontally
for no morethanonegrid distance,i.e. 1. Then, 0

å
for 1. For

A B,ü werequire

0
­

0
­

orð , equivalently,

2
Ý

1 1

Combining
^

thiswith equation(14),weget
2
Û
3 1 + 0

­
0
­ C B 3

�
In
Ä

the EI system,however, 1 1 canï be very large without breakingthe symmetry
between
ù

the two lines in patternD. This is the sameeffect we investigatedin the two-point
system.õ Thisallows theuseof

1 1 + 0
­

0
­

withþ very small valuesof 1 3
�

andthusa large contourenhancementfactor C B

1 3.
�

Otherconsiderationsdo limit ,ü but to a lesserextent (Li 1998). This simplified
analysis× is basedon a crudeapproximationto the full, complex, system. Nevertheless,it
mayØ explain the comparatively poor performanceof many S systemsdesignedfor contour
enhancement,ñ suchasthemodelsof Grossberg andMingolla (1985)andZuckeret_ al (1989),

ò
by
ù

contrastwith theperformanceof amorebiologicallybasedEI system(Li 1998).Figure10
demonstrates
Ð

that to achieve reasonablecontourenhancement,the reducedS system(using
0
å

and keepingall the other parametersthe same)breakssymmetryand hallucinates
stripesõ in responseto a homogeneousinput. As onecanexpectfrom our analysis,theneural
responsesin the EI systemareoscillatory for the contourand line segmentsaswell asall
seõ gmentsin thetexture.

6. Conclusions

W
�

e have studiedthe dynamicalbehaviour of networks with symmetricalandasymmetrical
connectionsï andhave shown thattheextra degreesof dynamicalfreedomof thelattercanbe
putî to goodcomputationaluse. Many applicationsof recurrentnetworks involve selective
amplification—and× theselective amplificationfactorsfor asymmetricalnetworkscangreatly
eñ xceedthoseof symmetricalnetworks without their having undesirablehallucinationsor
grossly8 distortingtheinputsignal.If, however, spontaneouspatternformationor hallucination
by
ù

the network is computationallynecessary, such that the systemgives preferredoutput
patternsî evenwith ambiguous,unspecifiedor randomnoiseinputs,theEI system,just like the
S
�

system,can� be
ù

so designed,at leastfor the paradigmaticcaseof the two-point system.
Oscillations



are a key facet of our networks. Although there is substantialcontroversy
surroundingõ the computationalrole and existenceof sustainedoscillationsin cortex, there
is ampleevidencethat oscillationsof varioussortscan certainly occur, which we take as
hinting
ß

at therelevanceof thecomputationalregimethatwehavestudied.
W
�

e have demonstratedthe power of excitatory–inhibitorynetworks in threecases,the
simplestõ having just two pairs of neurons,the next studying their applicationto the well
studiedõ caseof thegenerationof orientationtuning,and,finally, in thefull contourandregion
seõ gmentationsystemof Li (1997,1998)thatinspiredthiswork in thefirst place.For analytical
conï venience,all our analysedexampleshave translationsymmetryin theneuralconnections
and× thepreferredoutputpatternsaretranslationaltransformsof eachother. This translation
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(A)
ò

Contour enhancement
Input
Ä

image Outputimage

(B)
ò

Responsesto homogeneousinputs
FromEI system Fromreducedsystem

Figur
7

e 10. Demonstration
�

of theperformanceof thecontour-region system.(A) Input image
andthemeanoutputresponse from theEI systemof Li (1998). is thesamefor each
visible barsegment,but is

�
strongerfor the line andcircle segments,shown in theplot as

proportional� to thebarthicknesses.Theaverageresponsefrom thereducedsystem(taking 0)
is qualitatively similar. (B) In responseto a homogeneoustexture input, theEI systemresponds
faithfully with homogeneousoutput,while thereducedsystemhallucinatesstripes.

symmetryõ is not anabsolutelynecessaryconditionto achieve selective amplificationof some
input
N

patternsagainstothers,as is confirmedby simulationsof systemswithout translation
symmetryõ .

W
�

emadevarioussimplificationsin orderto getanapproximateanalyticalunderstanding
ofð thebehaviour of thenetworks. In particular, thehighly distilled two-pointsystemprovides
muchØ of theintuition for thebehaviour of themorecomplex systems.It suggestsa smallset
ofð conditionsthat mustbe satisfiedto avoid spontaneouspatternformation. We alsomade
the
ö

unreasonableassumptionthat the inhibitory neuronsare linear ratherthan sharingthe
nonlinear� activation function of the excitatory cells. In practice,this seemsto make little
dif
Ð

ferencein thebehaviour of thenetwork, eventhoughthelinearform hasthe
paradoxicalî propertythat inhibition turnsinto excitation when . The analysisof the
contourï integrationandtexturesegmentationsystemis particularlyimpoverished.Li (1997,
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Z
:

Li andP Dayan

1998)imposedsubstantialextraconditions(e.g.thataninputcontourof afinite lengthshould
notgrow becauseof excessivecontextualexcitation)andincludedextranonlinearmechanisms
(a
ò

form of contrastnormalization),noneof whichwehavestudied.
A primefactunderlyingasymmetricalnetworksisneuronalinhibition. Neurobiologically,

inhibitory influencesare,of course,substantiallymorecomplicatedthanwe have suggested.
In
Ä

particular, inhibitory cells do have somewhat fastertime constantsthan excitatory cells
(though
ò

they arenot zero),andarealsonot sosubjectto short-termplasticityeffectssuchas
spikõ erateadaptation(whichwehavecompletelyignored).Inhibitory influencesalsoplayout
at× a varietyof differenttime scalesby dint of differentclassesof receptoron thetargetcells.
Ne
�

vertheless,thereis ampleneurobiologicalandtheoreticalreasonto believe that inhibition
hasa critical role in shapingnetwork dynamics,andwe have suggestedonecomputational
roleÕ thatcanbesubservedby this. In our selective amplifiers,the fact that inhibition comes
from interneurons,andis thereforedelayed,bothintr

�
oduceslocal instabilityat thefixedpoint

and× removesthe
ö

globalspontaneous,pattern-forminginstability arisingfrom theamplifying
positiî ve feedback.

It is not clearhow thesynapticweightsJ and× W in theEI systemmay be learnt. Most
intuitions
N

aboutlearningin recurrentnetworkscomefrom S systems,wherewe areaidedby
the
ö

availability of energy functions.Showing how learningalgorithmscansculptappropriate
dynamical
Ð

behaviour in EI systemsis thenext andsignificantchallenge.
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